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Modeling Risk 0 Stochastic Volatility

Stochastic Volatility
A Heston 1993
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Modeling Risk d Stochastic Volatility

SPX Spot level and 3fay realized volatility
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Modeling Risk 0 Stochastic Volatility

Stochastic Volatility
A Variance Swaps
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Modeling Risk 0 Stochastic Volatility
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Modeling Risk 0 Stochastic Volatility
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Modeling Risk 0 Stochastic Volatility

Changing reversion speed
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Modeling Risk 0 Stochastic Volatility
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Modeling Risk d Stochastic Volatility

Why Stochastic Volatility ?
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Modeling Risk 0 Stochastic Volatility

Heston - Calibration
A How do we use this?

% = mt)dt+./v(t) dW(t)
dvt) = k(q-v(t))dt+SMd(rW(t)+w/1- rZB(t))

A Parameters Q:={s,, ¢,  k}, neef 1o berdetermined.

A Process of calibration:
fChoose a set o fM,oeNawithkmaturitipsr t andkestiles K..
N Find the parameter set Q such that

min|M, - DR E[S, )- K,)']
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Modeling Risk 0 Stochastic Volatility

Model price

Heston - Calibration
A Note that /

min|M, - DR(t)E[(S, (t)- K,)’

Implies that we need to compute option prices E[.] in the model quickly.
For Heston, we can use Carr/Ma d a Rodrger approach [4].

A Pricing with Fourier Transform
n Assume we know the log-transform y,(x) : =e¥pf x log S;¢) )
A Then, the call price for any a>0 is given as

= g™ ﬁ e % (X)dx

J/t(x' I(a +1))
(ix+a)(ix+a+1)

E[(sH (t)- &)

J/+(X) =
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Modeling Risk d Stochastic Volatility

Example: HSI Mar 25, 2009 @ 13,910

Market Heston Calibrated

Vol

Fit is pretty Strike

good except on
the short end.
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Modeling Risk d Stochastic Volatility

.STOXX50E historic calibation for Heston
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Modeling Risk 0 Stochastic Volatility

Heston - Calibration

A Raw calibration involves minimizing the distance of prices (or implied
volatilities) to the market prices

A Process can be unstable

n Use penalties to ensure daily movement is not too noisy dand track
error Ofreed vs. Openalizedo6 cali br
Fix mean reversion and re-assess regularly
Introduce jumps to for better fit to the short end

o N
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Modeling Risk 0 Stochastic Volatility

Stochastic Volatility dExtensions to Heston

A Improving the fit to Vanillas vs. Time -homogeniety
N Parameters in Heston can be piecewise time -dependent
N Very good fit to vanilla surface
n Self-similarity of implied vol over time impeded

A Higher dimension
N Heston is a member of the affine model class
N Can be extended with other processes to n -factor SV model
N All known extensions result in too low skew (because of restrictions on
the correlation between the SV factors)

A Cliquet model with independent increments
N Heston can be blended into a piece -wise independent model
N cf. Bermudez et al [12]
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Modeling Risk 0 Stochastic Volatility

Stochastic Volatility 6 Other Models

A Generalized Heston
Generalized Power between Y2 and 2

% = pft)dt+/v(t) dW(t)
dvit) = k(q— v(t))dt+Sv(t)bd{rW(t)+w/1- rZB(t)}
A Pros

n Statistically more realistic than Heston ( 6~ 70%)
N Positivity easier to enforce than in Heston

A Cons
N No closed form for European option pricing A numerical calibration
required
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Modeling Risk 0 Stochastic Volatility

Stochastic Volatility 6 Other Models
A Stein & Stein (Ornstein-Uhlenbeck for Variance)

Exponential Variance

dwv(t) - k\,(t)dt+Sd{rW(t)+w/1- rZB(t)}
N

Log-normal model with mean -reversion

p>>)

n-Factor stochastic volatility by natural extension

P

A The world likes log -normal
A

A Positivity by construction

No closed form for European option pricing A numerical calibration required

A Con
A N
A Questions around L2 integrability (see Andersen & Piterbarg [11])

JPMorgan
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Modeling Risk 0 Stochastic Volatility

PnL with Stochastic Volatility

A Recall the basic equation

dFV(t) D‘E(t ds(g) vV = _§( reallzed Smodel)dt

n What if we Vega-hedge ?

A Assume we use a variance swapV with the same maturity as the
option to price and hedge
N Then the fair value of an option will be a formula

FV(t, S(t),V (1))

JPMorgan
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Modeling Risk 0 Stochastic Volatility

PnL with Stochastic Volatility

VarSwap Vega (VarSwap Delta)

Wega®(t,S,V) =V LV FV(t,S,V)
u

VarSwap Volga, i.e.
Vol Gamma for u

variance swaps — Wolga ¥ (t, S ,V) =V 2
TRY;

2

Wanna®(t,S,V) :=VS H FV(t,S,V)
UWVUS

2

FV(t,S,V)

Vanna or dVega/dSpot
(Cross-gamma between variance swap and spot)
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Modeling Risk 0 Stochastic Volatility

PnL with Stochastic Volatility

Expected risk -neutral return

VO _ ¢ ydt+st)d rdW(t) +y1- r? dB(t))

N

Volatility of the variance swap Correlation with spot

A We get explicit expressionsfor Sand7i n Hest onds model .
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Modeling Risk 0 Stochastic Volatility

PnL with Stochastic Volatility

A Ignoring funding, we get (*)

dFV(t) - 3 93 WegaiBM
S(t) V(t)

1 Sc2 3 0
EWOIQa Sreallzed Wanna SrealizedSreaIizedr realized + Q)u/dt

realized

:‘1 Lese
| 2

dail librati
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Modeling Risk 0 Stochastic Volatility

PnL with Stochastic Volatility

€ which transl ates to

)ma PnL
dFV(t) ) D$ dS(t) - Ve a$ dV(t) = _G$( S realized ” indel)

dt S(t)dt V0t

/ + EWOIQa (Srzeallzed Sr2nodel)
Vol Gamma PnL 2

+ Wanna$(< SSr > - <SSr >m0de,)

\

Vanna PnL

realized

A Pricing with SV takes the price of Vega -hedging into account

We say owe pay Thetao for both Gamma
JPMorgan .




Modeling Risk 0 Stochastic Volatility

PnL with Stochastic Volatility
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Modeling Risk 0 Stochastic Volatility

Stochastic Volatility 6Summary so far

A Plus

N Realistic Dynamics of Implied Volatility

N Takes into account Vega Hedging Cost: Vanna, Volga
A Cons
Fit to implied volatility not perfect
Potentially unstable parameters
All parameters implied from market A strong assumption

St e ()

Common approach for VolOfVol derivatives.
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Modeling Risk 0 Stochastic Volatility

Stochastic Volatility for Options on Variance etc

A Variance Swap Curve Market Models Buehler [6])
N ldea: look at the term structure of variance swaps

HSI Variance Swap Term Structures
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Modeling Risk d Stochastic Volatility

Stochastic Volatility for Options on Variance etc

AWrite a oCurve Model 6 which realized
construction.
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simulated
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the model
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Modeling Risk 0 Stochastic Volatility

Stochastic Volatility for Options on Variance etc
A It can create various scenarios.
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