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General structure of stock price models with dividends for
derivatives pricing

Dividends JPMorgan :
Aim of this talk E
I Part | ;

I Partll
Work towards a simple model for pricing options directly linked
to dividends
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Basics
I Stocks may pay dividends; no obligation to do so.

I Most companies try to maintain a steady income stream but
ultimately, the dividend payment depends on the performance”
of the company

A Size of dividend may change
A Timing of dividend may change
A Special dividends

UANTITATIVE RESEAR

T Timeline
1. Announcement of the dividend amount

2. All holders of the shares at thesdividend dateare
entitled to receive the dividend

3. Dividend is paid ghayment date...
4. ... and settled atettlement date
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Basics

I In a classic frictionless market, the payment of a dividend hasTo
0S ySdzu N} £ 02 GKS K2f RSNJ 2T<
oSTzNBQ 0 KS RAOARSYR KL 02°
dividend plus the discounted dividend payment.

A otherwise enter the respective arbitrage position.

T If the exdividend date 14, the settlement date isand the
(random) dividend 18, this means (*)

S =S5. - DHZ,9D

We denote byt - Dividend should
the left hand limit bet- measurable
of Sint. and positive.
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Basics
I Can we observe this drop in stock price in practice?
ANo:

Dividends go ex overnight while there is no trading.
The volatility in the opening auction obscures the actual
Impact of the dividend payment.

I Econometric conclusions vary
A Maximization of tax (i.e., dividend tax vs. capital gains).
A Capturing of dividends

I However, we catrade dividends using
A Dividend Swaps
A Forwards
A Equity Swaps

QUANTITATIVE RESEAR
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Assumptions on Dividends

I We assume that the ediv dates0<#,<¢,<... are known and
that we can trade each dividend in the market.

I We also assume that the dividenDsre already adjusted of tax
and any discounting to settlement date, i.e. we can look at the
dividend amount at the exiv date.

I Thekth dividend isf,- measureable.
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Other Assumptions
I We have instantaneous deterministic interest rates
I The equity earns a deterministic continuous rejate /m

I We assumé& > 0O (it is straight forward to incorporate simple
ONBRAG NARAA]l wmMXZuB 0dzi 6SQf f
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Stock Price Dynamics

I In the absence of friction cost, the stock price under-nsktral
dynamics has to fall by the dividend amount, i.e.

S, =S, - D
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I In between dividend dates, the rigteutral drift under any risk
neutral measure Is given by rates and repo, i.e. we can write the
stock price between dividend dates for.<t ¢ {, as

St — Sz‘i Rtti Zt(i) R[ —€ R; —

whereZ() is a nonnegative (local) martingale

which starts inl at £; . RhE GKS G681 dzd
6rfaz OFrftSR &

<
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Stock Price DynamicsVarning
I This gives

QUANTITATIVE RESEAR

Sz‘i — Si-lRfi-lzt(i'l) _ D

(Local)

Growth rate martingale
between part between

dividends dividends

I However, specifying a stock price dynamic in this fornZyia
does not guarantee that the stock price remains positive at the
next dividend date:
A the martingaleZ cannot have arbitrary dynamics but needs
to be floored to ensure that the stock price never falls below any
future dividend amount.
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Stock Price DynamicsVarning
I In other words, any generic specification of the form
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dz, ..
dS =S(r, - m)dt+§ —=- § D'd, (dt)
Z, «
doesnot generically work.
A{SS SEGSyar@dS tAGSNY GdzNB 2y
cash dividends) 3
| 2YY2Yy GaFAEE Aa (2 Fit22N 0K

D' =min{S __ +¢ O)
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Towards Stock Price Dynamics with Discrete Dividends

I Intuitively, the restriction is that the stock price at any time
needs to be above the discounted value of all future dividend

A otherwise, go long stock and forwagel all dividends
A lock-in riskfree return.

QWANTITATIVE RESEAR

i 5STAYS GKSNBEF2NBE (0KS GRA&02dz

D! = 4R D
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Theorem (extension of Buehler 2007 [2], Bermudez at al 2006 [1])

I The stock price process remains positive if and only if it has t
form

S = R@QHaDk

kit >t k:t,, >0

QUAN(,EDTTATWE RESEAR

_—~

ololel
7
Cgllfl)
QO
o=

Exdmde_nd Discounted value of
stock price future dividends

where X is a positive local martingale.
Xis called theoure martingaleof the stock price process.
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Theorem (extension of Buehler 2007 [2], Bermudez at al 2006 [1])

I If Xis a true martingale and if rates are deterministic, the
forward is as usual given as

Ft :R(%Xt +R( é. Dtk

ki, Ct
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I We can then rewnrite the stock price process in the form

S=(F- A)X,+A A=RZDf

Kt >t
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Proof by construction:
I We write S instead ofS,, in order to ease notation. With this notation, we have for

tE<t ¢ ¢, o)
S :S-l Zt - DltZi

T Case 1:int=1, we have

S =§RZ"- D
$2,” >DR;

SinceZis a local martingale with a positive floor, we can find a positive local martingale
X© with unit mean such that

52+ X©(s,- D})+D} D} :=E|DR]

Which in turn gives us that far¢ ¢

s =R{X(S, - D})+ D} }- DL, =R{X(S, - D})+Df 1.}
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which implies that
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Case 2:t=2.fot, <t £ t S =R{X(s,- D})+D!1,_}
— (1)
St - SlRtlzt - DzltZZ
_ 0l v/ (0) 18pl7 @
- Rl{xl (S)' DO)}R[Zt B D2]122
— 1\p0 v (0) > (1)
- (So ) DO)R[ Xl Zt B Dzltzz
Hence we find a bound on the local martingi@z1)
- D)Xz >DOR;
which implies as before that we can fidél) which satisfies
1)y (0)= (@) @) 1 2 2
(So' DO)Xl Zt ' Xt (S)' Do' Do)+ Dt

Since S is rigltontinuous we conclude that fdr¢ ¢

s =R{X®(s - DY)+ D! 1., + D1,

Rest follows by induction forward.

J.PMorgan
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Basic Structure of Dividend Paying Stocks
I The from

QUANTITATIVE RESEAR

S = Rtgox+aD

kit | >t

-I-OOOz

has a very clear economic interpretation.

I Implementation

AGOEGSNYIfé | LILINRBIF OK (@saY2RS
function of bothX and, say, some additional state

At does not lend itself to dividends which are given as a
function of stock: positivity of the stock price can be ensured
by making sure that the dividend never exceeds the stock

rice.

,IZ, need different representation for practical implementation
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Affine Dividends
I BlackScholedMerton: inherently supports proportional

dividends. |
D:=56S,. (d; 2 0)

QUANTITATIVE RESEAR

itfSyide 2F tAGSNYOdzZNBE Ay Y2NB
Di=a +bS.

All known approaches either

A Approximate by approach (i.e., the dividends are not affine).
A Approximate by numerical methods

i X odzi GKSeé& FAO ¢Sttt Ay 2dz0 7
(let us assume rates are deterministic)
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Di=a +bS.

I Direct application in our framework can be done but it is easier
to simply write the proportional dividend effectively as part of
the reporate m(this is what happens in Merton 1973 [5]) i.e.

write ; .
R=e""""0Q - b)

1t Ct

Structure of the Stock Price E
>

I All previous results go through, i.e. we get
— — 2 K
s=(R-AX.+A A=RAaD
ki, >t
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Impact on Pricing Vanillas

I The formula
§=(R- A)X +A

really means that we can model a stock price which pays affine
dividends by modeling directlg since:
<= K- A

E(Sr - K)+ =(F - AI')E(XT - R)+ F - A

which means that we can easily compute option priceSdn
we know how to compute option prices o

QUANTITATIVE RESEAR

Hence X can be any classic equity model
A BlackScholes
A Heston, SABR;SABR
A Levy/Affine

A Numerical Models (LVSV) 19
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Implied Volatility andDupirewith Affine Dividends

I The reverse interpretation allows us to convert observed mar
prices back into market prices on X:

1 ~
A call(T,(F, - A)K+A)

which in turn allows us to
AComputeXQ AYLX ASR @2t GAftAGE |
AComputeXQ A Ylodalvoltiity I QDupire
I Similarly, numerical methods are very efficient.
A Variance Swaps with Affine Dividends
APDEs

A Monte-Carlo
A See Buehler 2007 [2] for a full overview and incorporation of credit.

t
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Call, (T,K) =

20
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Summary Part |
I A stock price paying dividendzshas the general form

S = R.sox + 4 DG 50::80-33&5

kit >t y
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I Inthe particular case of affine dividends and deterministic rates,
this can be written as

S=(F- A)X,+A A=R aDf

Kkt >t

which allows very efficient modeling of the equity ¥a
Including local volatility.
BlackScholegype formulas are straight forward.

I Anything else?... nearly no published papers !!
21
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Motivation

I Let us depart from the notion of dividends on a single stock,
discuss dividends of an index.

i Adividend swajbetweenT,andT, a8 A YLIX & &gl LJa (
dividends over that period (unaccrued) at maturity for a fixed
strike.

t
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é.Dk'K

kT,<t, ¢T,

I Adividend futureis basically the dalily settled corresponding
future which settles at the realized dividends.
Roughly

€ L9
ft (Tl’Tl) = Ete a Dku
&T.<t ¢T, (]
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1M Avg Daily Euro STOXX 50 Dividend Futures Volume by
Contract Year (€Mil)
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Implied Dividends

I From the market of dividend swaps, we aarplya future level
of dividends.

I The generally assumed behavior is roughly
ACKS 4K2NIl SYR Aa &GOl aKé 6aa
At KS f2y3 SYR Aad aeéAStRéE O0AC

QUANTITATIVE RESEAR
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Stochastic Proportional Dividends

Historic floating maturity dividends vs. spot for STOXX50E

250 - - 5000
- 4500
200 - - 4000
- 3500
150 - - 3000
- 2500
— 1D/1Y
100 - ; - 2000
— 1Y/2Y e
' - 1500
w= 5Y/BY
50 - aY/10Y - 1000
= Spot - 500
0 T T T T T T T T T T T T 0

May06 Aug06 Nov06 Feb07 May07 AugO07 Nov07 Feb08 May08 Aug08 Nov08 Feb09 May09 Aug09

QUANTITATIVE RESEAR

26



Dividends as an Asset Class J.P.Morgzm
Products
I An (calloption on dividendoetweenT, andT, pays
o +
a .. Q
% 4D, Kg
CKT<t,eT, =

I Adividend yield swapapproximates the yield from the index

ab/ as

kT <t ¢T, t:monthly

I We would prefer, of course

1 .
= ab

Srl KT, <t ¢T,

QUANTITATIVE RESEAR
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Proportional Dividends

I Before we looked at cash dividends.
However, if the stock price is strictly positive, we may also er

S =S.-D=S (1-¢ ™)

%NTITATIVE RESEAR

ACKAA ALINRPLRZNIAZYIlIf RAQD
easierc basically, to have niceY2 RSt = ¢
ensure thatd remains positive.

ARSYR
S G2yt
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Stochastic Proportional Dividends
I What do we want to achieve:
A Very efficient model for tespricing options on dividends
Aa . t-§ OK 2tiyps férence model.
I Modeling assumptions
A Deterministic rates (for ease of exposure)

A We know the expected discountaahplieddividendsD and
therefore the forward

RrISo aDk
kl‘¢t y

A Our model should match the forward and
A Drops at dividend dates

QUANTITATIVE RESEAR
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Proportional Dividends
I Black & Scholes

%S‘ =(r,- m)dt+s,dW - § (- € %) ()

such that
_E b &
S = I*—fexp{mssdw - %mssds}

S

Y L =0
E=expi fj(r,- mdw,- § &ij

| kit Gt y

to match the market forward we chose

QUANTITATIVE RESEAR
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Stochastic Proportional Dividends (Buehler, Dhouibi, Sluys 2010 [3]
I The first published real stochastic dividend model:

QUANTITAMVE RESEAR

S = s, oW - & - €)a, (o

with
dy =- kuydt+n,dB

do=(E+eu)+c el {LE|

BS dividend Stochast Correction
tochastic term to fit the
factor offset to the forward
yield.

I ... but: dividends can become negative!
31
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Historic Logarithmic Implied Dividend Yield .STOXX50E

QUANTITATIVE RESEAR
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Stochastic Proportional Dividends

QUANTITATIVE RESEAR

T We have
— \éhtv 1 htv 2 — 0
S - |:t EXPi std\A/s, "2 stds_ a (eKuz‘k +Ck)u
1 kit ¢t ),/
Note

Alog S/Fis normald mean and variance @are analytic.

I Step 1: Fina, such thatE[S] = F..

i {0SLI HY DAGSY GKS aal2 QKnhdad A
such thatSreprices a termstructure of market observable option
prices onS.
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Stochastic Proportional Dividends
I Dynamics
The shoriterm dividend yield

QUANTITATIVE RESEAR

1
y, = log —E, [ka]
S
IS approximately an affine function aof i.e.
y, ® a+by

A A strongly negative correlation therefore produces very
realistic shortl SNY 0 SKIF GA2NJ 0y SI NI &
maintaining randomness for the longer maturities.
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Stochastic Proportional Dividends

QUANTITATIVE RESEAR

35



