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Dividends 

Aim of this talk 

ïPart I 
General structure of stock price models with dividends for 
derivatives pricing 
 

ïPart II 
Work towards a simple model for pricing options directly linked 
to dividends  

 

 



Part I 
General structure of stock price models with dividends for 
derivatives pricing 
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Dividends 

Basics 

ïStocks may pay dividends; no obligation to do so. 

ïMost companies try to maintain a steady income stream but 
ultimately, the dividend payment depends on the performance 
of the company 

ÅSize of dividend may change 

ÅTiming of dividend may change 

ÅSpecial dividends 

 

ïTimeline 

1. Announcement of the dividend amount 

2. All holders of the shares at the ex-dividend date are 
entitled to receive the dividend 

3. Dividend is paid at payment date ... 

4. ... and settled at settlement date 
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Dividends 

Basics 

ïIn a classic frictionless market, the payment of a dividend has to 
ōŜ ƴŜǳǘǊŀƭ ǘƻ ǘƘŜ ƘƻƭŘŜǊ ƻŦ ǘƘŜ ǎƘŀǊŜΥ ǘƘŜ ǇǊƛŎŜ ƻŦ ǘƘŜ ǎƘŀǊŜ ΨƧǳǎǘ 
ōŜŦƻǊŜΩ ǘƘŜ ŘƛǾƛŘŜƴŘ Ƙŀǎ ǘƻ ōŜ Ŝǉǳŀƭ ǘƻ ǘƘŜ ǇǊƛŎŜ ΨƧǳǎǘ ŀŦǘŜǊΩ ǘƘŜ 
dividend plus the discounted dividend payment. 

Åotherwise enter the respective arbitrage position. 

 

ïIf the ex-dividend date is t, the settlement date is s and the 
(random) dividend is D, this means (*) 

 

 

 

 

D-= - ),(DF sSS ttt

We denote by t- 
the left hand limit 

of S in t. 

Dividend should 
be t- measurable 

and positive. 
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Dividends 

Basics 

ïCan we observe this drop in stock price in practice? 

ÅNo: 
Dividends go ex overnight while there is no trading. 
The volatility in the opening auction obscures the actual 
impact of the dividend payment. 

 

ïEconometric conclusions vary 

ÅMaximization of tax (i.e., dividend tax vs. capital gains). 

ÅCapturing of dividends 

 

ïHowever, we can trade dividends using 

ÅDividend Swaps 

ÅForwards 

ÅEquity Swaps 
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Dividends 

Assumptions on Dividends 

ïWe assume that the ex-div dates 0<t1<t2 <... are known and 
that we can trade each dividend in the market. 

ïWe also assume that the dividends D are already adjusted of tax 
and any discounting to settlement date, i.e. we can look at the 
dividend amount at the ex-div date. 

ïThe kth dividend is tk- measureable. 

 

Other Assumptions 

ïWe have instantaneous deterministic interest rates r. 

ïThe equity earns a deterministic continuous repo-rate m. 

ïWe assume St > 0 (it is straight forward to incorporate simple 
ŎǊŜŘƛǘ Ǌƛǎƪ ώмΣнϐ ōǳǘ ǿŜΩƭƭ ǎƪƛǇ ǘƘŀǘ ƘŜǊŜ ύ 
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Dividends 

Stock Price Dynamics 

ïIn the absence of friction cost, the stock price under risk-neutral 
dynamics has to fall by the dividend amount, i.e. 
 
 

 

ïIn between dividend dates, the risk-neutral drift under any risk-
neutral measure is given by rates and repo, i.e. we can write the 
stock price between dividend dates for t:ti<t ¢ti+1 as 
 
 
 
 
where Z(i) is a non-negative (local) martingale 
which starts in 1 at ti . 
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Dividends 

Stock Price Dynamics - Warning 

ïThis gives 
 
 
 
 
 
 
 

ïHowever, specifying a stock price dynamic in this form via Z, 
does not guarantee that the stock price remains positive at the 
next dividend date: 
Ą the martingale Z can not have arbitrary dynamics but needs 
to be floored to ensure that the stock price never falls below any 
future dividend amount. 
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Dividends 

Stock Price Dynamics - Warning 

ïIn other words, any generic specification of the form 
 
 
 
 
does not generically work. 

Å{ŜŜ ŜȄǘŜƴǎƛǾŜ ƭƛǘŜǊŀǘǳǊŜ ƻƴ άŀŦŦƛƴŜ ŘƛǾƛŘŜƴŘǎέ όǎǇŜŎƛŀƭ ŎŀǎŜ 
cash dividends) 
/ƻƳƳƻƴ άŦƛȄέ ƛǎ ǘƻ ŦƭƻƻǊ ǘƘŜ ŘƛǾƛŘŜƴŘǎΣ ƛΦŜΦ 
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Dividends 

Towards Stock Price Dynamics with Discrete Dividends 

ïIntuitively, the restriction is that the stock price at any time 
needs to be above the discounted value of all future dividends: 

Åotherwise, go long stock and forward-sell all dividends 
Ą lock-in risk-free return. 
 

ï5ŜŦƛƴŜ ǘƘŜǊŜŦƻǊŜ ǘƘŜ άŘƛǎŎƻǳƴǘŜŘέ ŘƛǾƛŘŜƴŘǎ ŀǎ 
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Dividends 

Theorem (extension of Buehler 2007 [2], Bermudez at al 2006 [1]) 

ïThe stock price process remains positive if and only if it has the 
form 
 
 
 
 
 
where X is a positive local martingale. 
 X is called the pure martingale of the stock price process. 
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Dividends 

Theorem (extension of Buehler 2007 [2], Bermudez at al 2006 [1]) 

ïIf X is a true martingale and if rates are deterministic, the 
forward is as usual given as 

 

 

 

ïWe can then re-write the stock price process in the form 
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Dividends 

Proof by construction: 

ï We write Sk instead of Stk in order to ease notation. With this notation, we have for 

t:ti<t ¢ti+1  

 

ï Case 1: in t=1, we have 
 
 
which implies that  
 
 
Since Z is a local martingale with a positive floor, we can find a positive local martingale 
X(0)  with unit mean such that 
 
 
 
Which in turn gives us that for t ¢t1  
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Dividends 

ï Case 2: t=2. for t1 <t¢t2  

 

 

 

 

 

ï Hence we find a bound on the local martingale X(0)Z(1)  
 
 
 
which implies as before that we can find X(1) which satisfies 
 
 
 
Since S is right-continuous we conclude that for t ¢t2  
 
 
 
 

ï Rest follows by induction forward. 
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Dividends 

Basic Structure of Dividend Paying Stocks 

ïThe from 
 
 
 
 
has a very clear economic interpretation. 
 

ïImplementation 

Åά9ȄǘŜǊƴŀƭέ ŀǇǇǊƻŀŎƘ ǘƻ ƳƻŘŜƭƛƴƎ ŘƛǾƛŘŜƴŘǎ ǿƘŜǊŜ D is a 
function of both X and, say, some additional state u. 

ÅIt does not lend itself to dividends which are given as a 
function of stock: positivity of the stock price can be ensured 
by making sure that the dividend never exceeds the stock 
price. 
Ą need different representation for practical implementation 
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Affine Dividends 

Affine Dividends 

ïBlack Scholes Merton: inherently supports proportional 
dividends. 
 
 
 

ïtƭŜƴǘȅ ƻŦ ƭƛǘŜǊŀǘǳǊŜ ƛƴ ƳƻǊŜ ƎŜƴŜǊŀƭ άŀŦŦƛƴŜέ ŘƛǾƛŘŜƴŘǎΣ ƛΦŜΦ 
 
 
 
All known approaches either 

ÅApproximate by approach (i.e., the dividends are not affine). 

ÅApproximate by numerical methods 

 

ïΧ ōǳǘ ǘƘŜȅ Ŧƛǘ ǿŜƭƭ ƛƴ ƻǳǘ ŦǊŀƳŜǿƻǊƪ 
 (let us assume rates are deterministic) 
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Affine Dividends 

Structure of the Stock Price 

 

 

ïDirect application in our framework can be done but it is easier 
to simply write the proportional dividend effectively as part of 
the repo-rate m (this is what happens in Merton 1973 [5]) i.e. 
write 
 
 
 
 
 

ïAll previous results go through, i.e. we get 
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Affine Dividends 

Impact on Pricing Vanillas 

ïThe formula 
 
 
really means that we can model a stock price which pays affine 
dividends by modeling directly X since: 

 
 
 
which means that we can easily compute option prices on S if 
we know how to compute option prices on X. 
 
Hence, X can be any classic equity model 

ÅBlack-Scholes 

ÅHeston, SABR, l-SABR 

ÅLevy/Affine 

ÅNumerical Models (LVSV) 
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Affine Dividends 

Implied Volatility and Dupire with Affine Dividends 

ïThe reverse interpretation allows us to convert observed market 
prices back into market prices on X: 
 
 
 
which in turn allows us to 

ÅCompute XΩ ƛƳǇƭƛŜŘ Ǿƻƭŀǘƛƭƛǘȅ ŀƴŘ 

ÅCompute XΩ ƛƳǇƭƛŜŘ local volatility ŀΩƭŀ Dupire. 

ïSimilarly, numerical methods are very efficient. 

ÅVariance Swaps with Affine Dividends 

ÅPDEs 

ÅMonte-Carlo 

Ą See Buehler 2007 [2] for a full overview and incorporation of credit. 
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Dividends 

Summary Part I 

ïA stock price paying dividends D has the general form 
 
 

 

ïIn the particular case of affine dividends and deterministic rates, 
this can be written as 
 
 
 
which allows very efficient modeling of the equity via X 
including local volatility. 
Black-Scholes-type formulas are straight forward. 

 

ïAnything else? .... nearly no published papers !! 
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Part II 
Stochastic Proportional Dividends 
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Dividends as an Asset Class 

Motivation 

ïLet us depart from the notion of dividends on a single stock, but 
discuss dividends of an index. 

ïA dividend swap between T1 and T2 ǎƛƳǇƭȅ ǎǿŀǇǎ ǘƘŜ άǊŜŀƭƛȊŜŘέ 
dividends over that period (unaccrued) at maturity for a fixed 
strike. 
 
 

 

ïA dividend future is basically the daily settled corresponding 
future which settles at the realized dividends. 
Roughly 
 
  

 

 

K
TTk

k

k

-Dä
¢< 21: t

ù
ú

ø
é
ê

è
DE= ä
¢< 21:

11 ),(
TTk

ktt

k

TTf
t



Q
 U

 A
 N

 T
 I
 T

 A
 T

 I
 V

 E
  
R

 E
 S

 E
 A

 R
 C

 H
 

24 

Dividends as an Asset Class 
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Dividends as an Asset Class 

Implied Dividends 

ïFrom the market of dividend swaps, we can imply a future level 
of dividends. 

ïThe generally assumed behavior is roughly 

Å¢ƘŜ ǎƘƻǊǘ ŜƴŘ ƛǎ άŎŀǎƘέ όǎƛƴŎŜ ǊŀǘƘŜǊ ŎŜǊǘŀƛƴύ 

Å¢ƘŜ ƭƻƴƎ ŜƴŘ ƛǎ άȅƛŜƭŘέ όƛΦŜΦ ǇǊƻǇƻǊǘƛƻƴŀƭ ŘƛǾƛŘŜƴŘǎύ 
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Dividends as an Asset Class 

Stochastic Proportional Dividends 
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Dividends as an Asset Class 

Products 

ïAn (call) option on dividends between T1 and T2 pays 
 
 

 

 

ïA dividend yield swap approximates the yield from the index 
 
 
 
 
 

ïWe would prefer, of course 
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Dividends as an Asset Class 

Proportional Dividends 

ïBefore we looked at cash dividends. 
However, if the stock price is strictly positive, we may also write 
 
 

 

Å¢Ƙƛǎ άǇǊƻǇƻǊǘƛƻƴŀƭ ŘƛǾƛŘŜƴŘέ ŀǇǇǊƻŀŎƘ ƳŀƪŜǎ ƭƛŦŜ ƳǳŎƘ 
easier ς basically, to have a nice ƳƻŘŜƭΣ ǿŜ άƻƴƭȅέ ƘŀǾŜ ǘƻ 
ensure that d remains positive. 
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Dividends as an Asset Class 

Stochastic Proportional Dividends 

ïWhat do we want to achieve: 

ÅVery efficient model for test-pricing options on dividends 

Åά.ƭŀŎƪ-{ŎƘƻƭŜǎέ-type reference model. 

ïModeling assumptions 

ÅDeterministic rates (for ease of exposure) 

ÅWe know the expected discounted implied dividends D and 
therefore the forward 
 
 

 

 

ÅOur model should match the forward and 

ÅDrops at dividend dates 
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Dividends as an Asset Class 

Proportional Dividends 

ïBlack & Scholes 
 
 
 
 
such that 
 
 
 
 
 
to match the market forward we chose 
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Stochastic Proportional Dividends (Buehler, Dhouibi, Sluys 2010 [3]) 

ïThe first published real stochastic dividend model: 
 
 
 
 
with 
 
 
 
 
 

 

 

ï... but: dividends can become negative! 

BS dividend 
factor 

Correction 
term to fit the 

forward 
Stochastic 

offset to the 
yield. 

Dividends as an Asset Class 
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Dividends as an Asset Class 
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Dividends as an Asset Class 

Stochastic Proportional Dividends 

ïWe have 
 
 
 
 
Note 

Ålog S/F is normal Ą mean and variance of S are analytic. 

 

ïStep 1: Find ck such that E[St] = F t. 

ï{ǘŜǇ нΥ DƛǾŜƴ ǘƘŜ άǎǘƻŎƘŀǎǘƛŎ ŘƛǾƛŘŜƴŘ ǇŀǊŀƳŜǘŜǊǎέ ŦƻǊ u, find s 
such that S reprices a term-structure of market observable option 
prices on S. 
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Dividends as an Asset Class 

Stochastic Proportional Dividends 

ïDynamics 
The short-term dividend yield 
 
 
 
 
is approximately an affine function of u, i.e. 
 
 

 

ÅA strongly negative correlation therefore produces very 
realistic short-ǘŜǊƳ ōŜƘŀǾƛƻǊ όƴŜŀǊƭȅ ΨŦƛȄŜŘ ŎŀǎƘΩύ ǿƘƛƭŜ 
maintaining randomness for the longer maturities. 
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Dividends as an Asset Class 

Stochastic Proportional Dividends 


