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Abstract

This article is an introduction into the principles of financial mathematics with a strong view on
how the theory is actually used in practise. Using a very basic model, we explain the importance of
replication of a financial contract. Afterwards, we show that the concept of replication is an integral
part not only of the famous Black&Scholes model but also of more general diffusion based models.

The ideas are then applied to the pricing and hedging of options on variance. In this context, we
present recent results on the modelling of the term-structure of variance swaps.

1 Introduction

The rise of the financial markets in the last decades has spurred a rapid development of the relatively
young field of mathematical finance. Its origins lie in Bachelier’s works around 1900 [B0O0], but it has
gained significant attention only with the publication of the works from Black, Scholes and Merton (BSM),
[BS73] and [M73a], in 1973, who were the first to apply systematically the most fundamental principle of
today’s applied finance: the idea of replication.

While an insurance company may write contracts on events such as people’s deaths, fire accidents,
car crashes etc., a financial institution may want to write a contract depending on the movement of a
stock price index (a “contingent claim” or “option”). From a economic point of view, the main difference
between the number of car crashes and the price level of some index is that we can trade in the stock.
An insurance company has no means of reacting to market information such as an increased number of
car crashes once the contract has been issued. However, the writer (issuer) of a contingent claim is able
to trade frequently in the underlying stock price throughout the life of the contract.

This is where the idea of replication starts: the issuer of a contract on the index tries to trade in the
index itself such that the value of the trading portfolio is always equal to the value of the obligations
arising from the contract. If this is possible, then the “fair” price of the contract must be the cost of
the associated replication strategy and since there is no risk involved in executing the strategy, this price
is independent of any risk-preference. This fundamental insight has been formalized by Merton [M73b],
Harrison and Kreps [HK79] and Harrison and Pliska [HP81] for markets which are “free of arbitrage” in



the sense that there is no' trading strategy whose execution bears no costs, but which has a non-zero
probability of a positive payoff (we call such a strategy a “free lunch”).

A key concept here is the idea of a martingale: this is a stochastic process such that the expected value
of the process at a later time coincides with the known value at the observation time. Hence, it resembles
the idea of a “fair” game. Mathematically, the “First Fundamental Theorem of Asset Pricing” states
that the market is free of arbitrage if and only if there exists a measure, equivalent to the initial measure,
under which all discounted price process are martingales.? Moreover, if this martingale measure is unique,
then all contingent claims can be replicated and their unique prices are given as discounted expectations
under this measure. In this sense, the initial “historic” or ”observable” measure plays no other role than
to identify which are the possible and which are the impossible states of the world: its actual probabilities
do not enter into the construction of a replication strategy and therefore the computation of a contingent
claim’s price.

The success of Black, Scholes and Merton’s model cannot be underestimated: ever since the publi-
cation of their articles, huge markets of liquid (i.e. exchange-traded) options have developed. By now,
these markets have moved far beyond BSM and the prices of so-called “vanilla” options are subject to
supply and demand and cannot be explained anymore by the original BSM model.?

This situation poses a new challenge to financial mathematics: since liquid options can be traded on
the exchange, there is no immediate need anymore to replicate them. This has become the role of the
“market”. Rather, they become by themselves assets and we can use them alongside the underlying share
or index to hedge risks appearing in more complex structures. This in turn requires us to research models
which are consistent with a range of observed liquid options which then can be used to price advanced
structured products.

2 The Paradigm of Replication

To illustrate the idea of replication, let us first consider a quite simple scenario: hedging of a call option
in a one-period model.

A call is the right to buy the stock S at time T for a fixed price K. Clearly, if the stock price St
at T is below K, we would not make use of this right since we can buy the stock cheaper in the market.
However, if St is larger than K, then we can buy the stock for K and sell it instantly for S, thereby
locking in a profit of ST — K. Hence, we can write the value of the payoff of a call with maturity 7" and
strike K as

Crp = (ST - K)+ . (1)

(with T := max(0, z)).

Let us assume that a share is trading today at around Sy = €100. We also assume that it is well-
known in the market that the stock price S; in one year will either be €200 with a probability of 95%,
or €98 with 5%. If we want to borrow €1 from the bank today, we will have to pay back €1.05 in one
year. We therefore set the value of the bank account today to By = €1 and in one year to B; = €1.05.

In the language of probability theory, we use a probability space (£2,.4,Q) with two states of the
world, Q = {wy, w4}, a set of events A = P () (the power set) and a probability measure Q[{w, }] = 95%
and Q[{wg}] = 5%. The “process” S = (Sp, S1) is defined only for the discrete times ¢ = 0,1 and it has
the values S1(wy,) = €200 and S1(wq) = €98. The cash account B = (By, B;) is deterministic. We also
assume that we can invest any amount we want in shares or the cash account, including fractional and
negative amounts. Moreover, we assume there are no transaction costs, taxes etc.

Under these assumptions, we want to sell a call with strike K = €100. Such a call contract looks like
quite a good investment opportunity: it pays out €100 in 95% of all possible future scenarios.

Ladmissible

2This is true for discrete time markets; for continuous time markets a more refined result is due to Delbaen/Schachermayer
[DS94].

31n fact, the underlying mathematical model in BSM’s work was originally proposed by Samuelson [S65]. However, it is
customary today to refer to it as “Black-Scholes-Merton”- or simply “Black-Scholes”-model.



The question at hand is: what is a “fair” price of the call ?

If we were thinking in insurance terms, we might suggest to use as a price the average return:
95% €100 = €95. That may sound reasonable since, on average, neither party will make a sure gain or
loss. However, we missed the main point made in the introduction: we can trade in the underlying. Can
we implement a trading strategy which allows us to deliver the promised payoff without any risk? In our
case, the “strategy” can only be an initial investment of A into the stock and an investment of 8 into
the cash account. The “fair” price would then be the cost of the implementation of the strategy — hence,
the real question is:

How much money do we need to invest in both stock and cash account to be able to replicate the
terminal payoff (1) with T'=1 and K = €100 ?

Well, since we only have two possible states of the world, we simply obtain two linear equations for
the amount A to invest in the share and the amount  to invest in the cash account:

Cr(wu) Si(wy) By A
(e )= (o =) () ®
C1(wa) Si1(wa) By B

Now note that it is far more natural to use discounted values for the value of a contract and the stock
price since this allows us to compare cash flows based on a single reference date. We therefore divide the
above equation by the cash value By and obtain an equivalent equation in terms of the discounted values
S, = St/ By and C, = C}/By:

“ = X1 with X1 = N (3)
C1(wa) Ié) St(wa) 1

Since S1(wy,) # S1(wq), we can invert X 1 (which does not depend on the payoff C7) and compute

A “ él (wu)
B C1(wa)
The initial price of this strategy is therefore

N N 51 C'1 (Wu)
Co= (S0, 1)X; o = po(wu) C1(wu) + po(wq) C1(wa) -
with ) R
Sl (wu) - SO
S1(wy) — S1(wa)
Remarkably, neither X ! nor the quantities po(-) depend at all on the particular payoff. That means

50 - Sl (wd)

=————"— and o(wq) =
S1(wy) — S1(wa) polwa)

Po(Wy)

that the fair price of any payoff H with values H;(w,) and Hi(wg) is uniquely given as

Hi(wa)
B '

Hl (wu)

B + po(wa)

Hy = pO(Wu) (5)

In our example above, we obtain

1 1.05€100 — €98
- — 6.54% .
Polwu) = 705 ~ean0 — €0~ 00

and po(wq) = 1 — po(wy) = 93.46%. Consequently, the fair price of the call which will pay out €100 in
95% of all cases is surprisingly low:

200 — €1
Co = 6.54%%0500 — €6.22 .



There is another important aspect in the previous computation: in equation (5) above, the quantities
po(wy) and po(wg) are between zero and one as long as

SO > S’l(wd) and Sl(wu) > SO . (6)
If this is not the case, it means that the stock will either always outperform an investment in the cash
account or always underperform it. But this is clearly an arbitrage situation because if the share always
outperforms the cash account, then we borrow money to buy the shares and reap a sure profit. Reversely,
we sell the stock and invest the proceeds in the cash account. Now imagine one of the two situations
would occur. In that case, everybody would rush to exploit the arbitrage opportunity. As an effect, it
would disappear quickly, and we conclude intuitively that in a frictionless market no arbitrage opportunity
should exists. Under this assumption, that “there is no free lunch”, we have therefore shown that (6)
must hold.
If (6) holds, po(+) can be interpreted as probabilities of the outcomes w,, and wy under some measure.
Equation (5) can then be written very intuitively as an expectation

1
Hy=—FEp[H 7
o= 5 Ee ] (7
in terms of the so-called risk-neutral measure defined by P[{wy}] := po(wy) and P[{waq}] := po(wa).
It is a general concept in finance that a price of a payoff H; is usually given as the discounted expec-

tation under a so-called risk-neutral measure P.

Of course, a two-state model is too limited for real-life applications. A first improvement is to allow
more than one time-period: in each period 0 =ty < --- < t,, = T, the stock can either go up or down,
so we obtain a tree-like process: for each single node, the situation is locally the same as above. Since
we know the value of the contract H at maturity (it is just the payoff), we can compute the value of the
contract on each node just before maturity using the same ideas around (5) above. This procedure is
then iteratively applied backwards to the evaluation date ¢ = 0 and yields today’s price of the contract.
This price can also be written as an expectation,

1
T
in terms of the iteratively defined risk-neutral measure P.
The obvious question is then what happens if the number of time-periods n goes to infinity. Under
some regularity conditions,® the tree model above will converge against the aforementioned Black/Scholes/Merton

model: this is a continuous time model based on Brownian motion.

2.1 Stochastic Calculus

We now work on a probability space W = (Q, A, F,Q). A standard Brownian motion W? on W with
horizon T* is a stochastic process W@ = (Wé@)te[oj*] with continuous trajectories ¢ — WZ2(w) and
independent, normally distributed increments Wy — W with mean zero and variance t — s. Such a process
formalizes the concept of “random shocks”. The BSM-model (based on Samuelson’s work [S65]) is written
in differential form as

dSi(w) 1Sy (W) dt + 0.8 (w) AW 2 (w) Sy e Rt
dBt = TBt dt BO =1.

(9)

The idea is that the stock price S has some deterministic drift © and that it is subject to sudden random
shocks dIW@ with volatility o. The cash account accrues interest with an instantaneous rate of r.

The problem with (9) is that the continuous paths ¢t — WtQ(w) of Brownian motion are very rough:
they are almost surely not differentiable (see figure 2.1).

40ne of the assumptions was that we can sell a stock which we do not own.
5See, for example Follmer/Schied [FS04].



Paths of Brownian Motion
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Figure 1: Sample paths of Brownian motion

Indeed, the paths w — W@(w) are not of finite variation, so the Fundamental Theorem of Calculus
does not hold. This observation is the starting point for developing the theory of stochastic calculus
which has been pioneered by Itd [I44] and, less well-known, Doeblin [D40]. This theory develops the
notion of stochastic diffusion processes which are solutions to stochastic differential equations of the form

dXi(w) = a(t; Xy (w)) dt + Z V (t; Xy (w)) dW/(w) Xo=z€eR (10)
j=1
where W = (W1, ... ,W") is a vector of independent Brownian motions and where the “drift” vector a

and the “volatility” matrix b are measurable functions. If they are sufficiently well-behaved (for example,
if they are globally Lipschitz) then (10) has a unique solution.®
Even though the variation of such a diffusion X is generally not finite, the quadratic variation

m 2
(X)r@) = lim 3 (X2 @) = X(yz @) (11)

mToo 4

n 1
- Z/O b (t; Xy (w))? dt

of such a process is a suitable integrator. As a result,” the famous It6-formula holds for f € C*2:

T
F(T, Xr(w) = f(0, X0) = /Oatf(tXt(w))dt
T
+/0 02 f(t, X¢(w)) dX¢(w)
T
o2 [t s ) age)

= /OT(atf(t,Xt(w)) + 0u f(t, Xo(w)) a(t; Xt(w))) dt

SE.g. see Protter [P04].
"See Follmer [F81].



+ z;/o O f(t, X (W) U (5 Xy (w)) AW (w)

N j 2
+2;/0 Dop F(t, X (W) U (8, Xo(w)) " dt

It is often written in concise differential form without the w argument,

df(t, X;) = <6tf(t7Xt)+8zf(t,Xt)a(t,Xt)—|—%&%zf(uXt)b(t,Xt)?)dt )
+Bxf(t,Xt) a(t7Xt) th .

Extensions to the case where X takes values in R™ are straight-forward. From here, the entire theory is
built up: an integral

/0 () dXe(w)

with respect to X is again a well-defined diffusion for all “non-anticipating” processes ¢ = (¢¢)¢cjo,1+]
which are suitably integrable.® “Non-anticipating” means that the value of ¢; should not incorporate
information beyond time ¢. This concept is formalized using a set F = (F;);eo,r+] of o-algebras F;, each
of which represents the information available at time ¢. The set F is called a filtration and the processes
X and ¢ are required to be adapted to F.

Using Ito’s formula (12) it is straight forward to confirm that

Si(w) = Spexp {(u —30)t+ aWé@(u))}
Bt = €rt

is the solution to BSM’s model (9). Such a process S is called a geometric Brownian motion with drift
u and volatility o and it is strictly positive for all finite ¢. In the special case where the drift vanishes
and where o is one, S is called stochastic exponential or Doléans-Dade exponential because it solves the
fundamental equation

dSi(w) = Si(w) AW (w) .

A picture of the paths of geometric Brownian motion illustrates better than any economic or financial
argument why the stochastic exponential is widely used in financial modeling:

2.2 Hedging in Black, Scholes, Merton

Given BSM’s model for the evolution of the stock price, the task at hand is now to develop replication or
hedging strategies for payoffs based on the underlying stock: if we promised a certain payoff to the buyer
of a contract, we aim to replicate its value by continuous trading in stock and cash account.

A payoff Hp with maturity T is an Fp-measurable non-negative random variable Hp: the mea-
surability condition formalizes the idea that Hp must be determined by the path of S up to T', while
non-negativity (which can be replaced by “bounded from below”) ensures integrability of the payoff under
all probability measures.

A good example is the call (1) with strike K and maturity T,

Hr(w) = Cp(w) = (ST(W) - K)+ . (13)

As before, we search for a hedging strategy ¢ = (A, 3) which replicates the payoff Hp: the random
process A = (A¢)¢e(o,r] specifies how many shares we will hold at any time ¢ and 3 tells us how much

81t is required that fOTgof d(X)¢ < oo and that ¢ is bounded from below. The latter property avoids doubling-strategies.



S&P500 versus Geometric Brownian Motion
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Figure 2: The graph shows a few paths of a geometric Brownian motion (with o = 15%) alongside historical
S&P 500 prices. Which one is the index?

money we will invest in the cash account. In other words, the value of our portfolio of shares and cash
account at time ¢ € [0, 7] is given as

Ut(W) = At(w)St(w) + ﬂt(W)Bt .
If ¢ moreover replicates Hp, then this implies that
HT(LU) = UT((U) .

However, we do not want to allow all possible strategies (A, ). Indeed, all costs which may incur during
the hedging should be covered by the initial cost of the hedge, Uy = ApSy + Bp, and no further cash
injection should be required after the inception of the contract. Such a strategy is called self-financing.
Mathematically, this means that the change value of the portfolio over time is the result of the change of
the value of stock and cash account:

dUp(w) = Ay(w) dSi(w) + Bi(w) dBy (14)
1.e. . .
Uw) = Vo + [ Auw)dSu) + [ Buw)aB, (15)
If then ¢ replicates Hy, it is appropriate to call
Hy(w) := Up(w)

the price of Hr at time ¢ € [0,T].

We have transformed the task of finding a hedging strategy to the task of determining U and A such
that Hp = Up: once they are specified, we can always make our portfolio self-financing by borrowing or
investing an appropriate amount of money in the cash account. Formally, this means that § is given as

the ratio
1

Bi(w) = B

(Ut(w) - At(w)St(w)) . (16)



It is relatively straight-forward to see that this yields via (15) the representation

t

Up(w) = ﬁ0+/0At(w) dS;(w) . (17)
in terms of the discounted values
Sy(w):= B 'S (w), Bi=1 and U(w):= B 'Uy(w) .
The discounted stock price process S satisfies the SDE
dSy(w) = (1 — r)Sy(w) dt + 08y (w) AW 2 (w) Sy e RT . (18)

We will also write H, := U, for t € [0,T] if Up = Hr.

The idea of expressing the financial quantities S, U and H relative to the value of the cash account
is very natural: in fact, the value of any contract is always relative to the risk-free interest we can earn
by investing in the cash account. Therefore, it makes perfect economic sense to use B itself as a unit for
our computations. Mathematically, both approaches are equivalent.

Black, Scholes, Merton

To find now the required A-hedge in BSM’s model, one can make use of the representation property
of Brownian motion: this property says that every sufficiently integrable random variable Hp can be
uniquely written as

T
() = 5 + [ %) awRw) (19)

for a integrable process ¢¥ and an initial value f{g@f}
This expression does not help us very much yet, since the Brownian motion W@ itself cannot be
traded in the market. However, given (18) we may write

_ dS;(w) — Su —71)Sy(w) dt
Si(w)o

)

thQ (w)

so we obtain

T T
fpt) = 8+ [ ) g5y - / B =r) (20)
0 05(w) 0 o

Unfortunately, this approach does not seem to work either: while it is perfectly possible to trade the
stock according to the strategy QS? / 0S;, we cannot realize the right hand integral by dynamic trading in
some tradable market instrument (recall that dB, = 0). Hence, we would have to inject additional cash
into the hedge, which implies that the strategy is not self-financing. This can also be seen by comparing
(20) with (17).

The solution to this hurdle comes in the form of a further fundamental theorem of stochastic calculus:
the Cameron-Martin-Girsanov theorem. It dictates how processes change if we move from one measure

Q to an alternative measure measure IP: assume that A\ = (A\¢)¢c[o,7+] is a bounded integrable process and
define

Dy(w) := exp {/Ot/\s(w) AW (w) — ;/Ot/\f(W) dS} :

This process has unit expectation under @Q and can therefore be used to define a new equivalen
probability measure

th

]P)[A]:EQ[IADt] forAGft.

9The notation should highlight that both ¢? and fi? depend on WQ,
10Two measures P and Q are equivalent on some o-algebra A, if their impossible events are the same, i.e. if P[A] = 0 if
and only if Q[A] =0 for A € A.



The Cameron-Martin-Girsanov-theorem states that under this measure, the process

vv?(w);::VKP(W)-jQASQU)ds (21)

is a Brownian motion.
How does this help in our situation? Well, equations (21) and (18) show that in terms of this Brownian
motion, the discounted stock price follows the SDE

dS(w) = Sy(w) (i — 7 4 oX (W) dt + Sy(w) o dWE (w) . (22)
Moreover, W also has the representation property, hence we find a new process ¢° and some H'g’ such
that (o Pl
A — A
0 O‘St (w

Thus we have gained an additional degree of freedom by our choice of A. Since our aim is to nullify the
right hand integral above, we chose the measure P given by the process

Avi=(r—p)/o, (23)

(called the “market price of risk”) for which we get the desired replication

N N T R Pl
HT(OJ) = Hgﬂ +/0 At(w) dSt(w) with At(w) = jgt((:) . (24)

With § defined in (16), this gives us the desired hedging strategy (A, 3).

2.3 The Price of a Contract as an Expectation

By construction, the strategy we just computed is self-financing, hence the costs of the hedging strategy
must be covered by the initial position Hj. Therefore we call it the fair price of Hy. But how can we
efficiently calculate HS ?

To this end, the notion of a martingale becomes important: a process M = (M;):eo, 1) is called a
martingale under P, if M is F-adapted, if M7 € L' and if “the best forecast of a future value of M given
the past is its current value”:

Ep [ Miju | Fi] (w) = My(w)  (uz0).

For example, Brownian motion itself is a martingale (this is easy to prove using the independence if its
increments). Moreover, if M = (M;);cjo,7) is a martingale, then each integral N; := fOTgot dM; is, under
some regularity conditions, also a martingale.!! That implies in particular that E[N;] = Ny = 0 for all
te[0,T].

In the BSM-model, we note that (22) becomes

dSi(w) = Sy(w) o dW{ () (25)
so “under P”, S has no drift. In integral form, (25) is written as
A~ tA
M@:%+/&@wm@@) (26)
0

and for some payoff Hr, we have

1y (w) = AE + / 6F () AWF () .

11n general, the integral is just a local martingale; details on the subject can be found in Revuz/Yor [RY99].



That means that both the discounted stock and the discounted price processes H of all suitably integrable
payoffs are martingales.!? As a consequence, the price of Hy is given as

A 1
HSP:EP[HT}:B*EP[HT} ; (27)
T
just as in (7) for our discrete model. At some later time ¢, the martingale property equally yields
HF:EP[HT‘ft] . (28)

(Note that our discussion also implies that each martingale M can be written as an integral of W.) These
quantities can now be computed using either analytical or numerical methods [BFGLMO99]. For more
complicated models, we will usually resort to Monte-Carlo or finite difference schemes to evaluate (27).

In case of BSM’s model, we can compute the value of a call Hp(w) := (Sp(w)—K)* = (Sp(w)Br—K)*
explicitly: as we saw before, the discounted stock price is given in terms of W as

N 1
St = Sy exp {O’W%P; - 202T} . (29)

Given that W7 is normal with mean zero and variance T, it is straight-forward to derive the famous
BlackéScholes formula
Hy = SoN(d*) —e "TKN(d™) (30)
with
L In(Sy/K)+ (r+ 1o T
= Py

(we used N (z) to denote the cumulative standard normal distribution function).

d

2.4 The Fundamental Theorem of Asset Pricing

The observation that S and all price processes H are (local) martingales under some measure P which is
equivalent to Q, is a very general property if the market is free of arbitrage. Let us define an arbitrage
opportunity as a self-financing investment strategy A such that the value of the portfolio

T
HA(w) = /0 Ay(w) dSy(w)

is non-negative with a non-zero probability of being strictly positive. The key point here is that the cost
of running A is initially zero, so the existence of such a A would imply that we could produce a “free
lunch” in the form of a risk-less potential profit. If such opportunities are excluded, we say that the
market is free of arbitrage.

According to Harrison and Pliska [HP81], such markets can be characterized in discrete time!® as
follows:

THEOREM 2.1 (First Fundamental Theorem of Asset Pricing) A market is free of arbitrage if and only if
there exists a measure P equivalent to the original measure Q such that all tradable assets are martingales
under P.

In all commonly used models, the discounted stock price is a true martingale under some measure P
(in fact, it is quite common to model S directly under the measure P). Clearly, P does not need to be
unique. In this case, the market is called incomplete and there is no unique price for some payoffs. In our
discussion later on, we will nonetheless be able to “complete” the market by considering further tradable
hedging instruments. Intuitively, we need one linearly independent hedging instrument for every source

of randomness. 4

12The regularity conditions hold for the BSM-model.

13In continuous time, the results are more complex and out of the scope of this article. See Delbaen/Schachermayer [DS94]
for details.

14Not all markets can be completed; genuinely random jump processes produce markets where replication with finitely
many instruments is not possible.

10



2.5 The Hedging Strategy in Markovian models

We have shown with (28), that we can compute a price H}fp of a contingent claim in a complete market at
every time t < T as a conditional expectation. Let us now turn to the actual computation of the hedging
ratio AF.

To this end, let us once more consider BSM’s model (9). The discounted price process S has the
so-called Markov property: intuitively, that means that at any time ¢, the possible future values of Sr
depend only on the current state Si(w), but not on any past information. Mathematically, it means that
for every bounded function F' and all T' > ¢, we can find a function f such that

F(t,Si(w)) = Es [F(ST) ‘ ft] (@) .

For example, it follows from (29) that BSM’s stock price can be written as

S (@) = Si(w) exp {a (WE(w) — WE(w)) — %02@ _ t)} .

The independence of the increments WT under P and the fact that they are normally distributed indeed
means that
Ep [ F(S7)| Fi](w) = / F(Sy(w)eYT =3 T=0) AN (y) =: f(t, Si(w))
R
where A denotes the standard normal distribution function.

In financial terms the consequence of the Markov property is that if a contingent claim Hp depends
only on Sy = Sp By at the maturity of the deal (for example in the case of a call Hy(w) = (Sp(w)—K)T),
then the value of the claim at time t < T' cannot depend on any past data before ¢, but will depend on
S¢(w) today. Hence, let us assume that Hr can be written as Hr(w) = F(St(w)). It follows from (28)
and the Markov property of S that there exists a price-function h such that

Usually, h is smooth enough, so we can apply Itd’s formula (12) and get

Hr(w) - Hf (w) = /t dsh(u, Sy(w)) dSy(w)

S
+f T(;agshmu(w)) S22 + Oih(w 5ul) ) .

where we made use of d(S); = 5202 dt.
We also know that (24) holds. Hence, we can identify the process A of the claim Hr at time ¢ simply
as the derivative of its price with respect to the stock:

AP (W) = dsh(t, Si(w)) (31)

(the “Delta” of an option is the sensitivity of the price of an option to a change in the stock price). We
can also imply that the remaining terms in the above equation must cancel. This yields the following
PDE for the price function h:

1
0= 0yh(u,s)+ §8§Sh(u, s) 5?02

This PDE must hold with final condition h(7T,s) = F(s). This equation is known as the (discounted)
Blacké4Scholes PDE. The solution h is a valid price function for the contingent claim Hp(w) = F(St(w)).

The consequences of relation (31) are remarkable: it means that as long as our underlying model
is largely in line with the actual market, we can compute a reliable hedging strategy for any payoff by
differentiating its price function with respect to the stock variable S,. This way we are able to provide a
real life hedging signal to the trading desk. Moreover, we can aggregate various different “delta positions”
across different products. The resulting delta-hedging is exactly what is done every day on the trading
desks of big financial institutions.
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3 Option Markets

Black, Scholes and Merton’s model was the first model which was widely used in the financial industry.
Not least due to their work, the markets for contingent claims (or “options”) developed rapidly. Today,
millions of dollars and euros worth of options are traded each day.

Of course, the real world has left BSM’s model behind: so-called “vanilla” options such as the call (1),
are today liquidly traded on exchanges. This means that they have moved from being a risky contract
to being an asset on their own right — obviously, there is no need to replicate a traded contract. Rather,
we can make use of them to improve the hedging of more complex, so-called ezxotic payoffs.

3.1 The End of BSM: The Implied Volatility Skew

Why is BSM’s model is not sufficient anymore? After all, it is a robust approach which is well-known to
many market participants.

The reason lies in what is known as the “volatility skew” or “volatility smile”: if we are able to observe
a call option price with maturity T and strike K, and we know the interest rates r, then we can invert
the BSM call price function (30) and back out the only unknown parameter, o. If it is determined in
this way, this parameter is called the implied volatility of the option and denoted by (T, K). (Note that
using the concept of implied volatility does not imply that practitioners actually believes that the market
follows BSM’s model. Rather, it is a convenient way of parameterizing the liquid option prices. It also
indicates the “level of risk” of a liquid instrument.)

If we compute the implied volatility at a fixed maturity for a range of strikes, we will find a picture
similar to the one displayed in figure 3.

S&P500 Implied Volatilities 19.10.2005
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Figure 3: The graph shows S&P 500 implied volatilities for a few maturities. Implied volatilities tend to be much
higher on the downside.

If “the market” behaved like a BSM model, this curve would be a flat line. The fact that it has a
very pronounced “skew” indicates that whatever cumulative pricing mechanism is at work, it is not close
to BSM’s model. Rather, we see that options with strikes below 100% are comparatively more expensive
than those with strikes above 100% spot.

The reason is that the stock price usually gets more volatile when it falls: investors are more uneasy
about a drop in a share price than about a rise. The effect is that “the volatility” itself is stochastic and
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instantaneously anti-correlated to the stock price. As we will see, this implies that we cannot replicate a
payoff by purely trading in the stock: there are additional risk-factors in the economy which need to be
hedged by other means. Indeed, the presence of listed options allows us to do just that. Moreover, under
the assumption of an arbitrage-free market, the Fundamental Theorem of Asset Pricing proves that there
is some measure P such that the stock price and all traded options prices are (local) martingales.

Since the options are themselves tradable assets, they become available as hedging instruments. Of
course, if we chose a set of tradable instruments for hedging purposes, it is necessary that our model not
only assigns the correct market prices to them but also produces a realistic dynamical behavior.'®

3.2 General Stochastic Volatility Models

If we want to improve the model of the stock price to take into account the observed implied volatility
skew, we enter the field of “stochastic volatility”. We assume now that the underlying probability space
(2, A, P) with martingale measure P supports n independent standard Brownian motions W1, ... W"
which generate the underlying filtration F = (F;):cjo,7+; we call the vector W = (WL,...,Wn") an n-
dimensional Brownian motion. We will model the stock and other quantities directly under a martingale
measure PP.'6

If we now assume that the discounted stock price process S = (St)tE[O,T*] is a strictly positive contin-
uous (F,P)-martingale, it can be shown that there exists a stochastic variance process ¢ and a Brownian
motion X such that, in differential form,

dSi(w) = V(i (w) Se(w) dXy(w

As before, this equation has the solution

&@»:&mm{f¢§wmxmm—illmo@}.

The vector W once more has the representation property in the sense that every non-negative pay-
off Hr measurable with respect to Fp can be written in terms of a sum of integrals as

mw:m+zldwwww. (32)

As we mentioned before, we can also write X in such a form, hence there is a random vector p with
dX(w) = 327, pi (w) dW] (w) such that

dS(w) = w) D ptw) AW (w) (33)

Jj=1

In a general stochastic volatility model, we specify the dynamics of ( = ((¢)iejo,7+) in @ way which we
hope yields reasonable dynamics for the stock price and any reference instruments.

The best-known classic stochastic volatility model is probably that of Heston [H93]. In this two-factor
model (n = 2), the stochastic variance process is the solution to the SDE

d¢(w) = K(0 = (W) dt + v/ G(w) AW (w (34)

for constants k > 0, 8 > 0, v > 0 and starting at (o > 0. The Brownian motion of the stock is defined as
Xy = pW} + /1 — p2 W7 for a “correlation coefficient” p € (—1,1)

15Note that a good “fit” to the market prices alone is not good enough. That can already be seen for the stock itself: a
perfect fit is achieved with a model which is not stochastic at all, i.e. S; = Sge#t. But this “model” does not capture the
risk of the movement of the stock price at all. We can imagine how happy other people would be to buy puts with downside
strikes from us.

16For notational convenience, we will therefore omit the notion of the underlying measure P for the remainder of the
article.
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S&P500 and its estimated instantaneous variance
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Figure 4: The graph shows S&P 500 and its estimated 30-day variance.

This process has a number of properties which can also be observed in real markets: the first is“mean-
reversion”, i.e. in the absence of random shocks it has an exponential decay with reversion speed k towards
the long-variance level 6. The second is a level-dependent “volatility of volatility” v+/- which implies that
¢ is more volatile if the overall volatility level is high. Finally, the correlation parameter governs the
instantaneous co-movement of the stock and the variance process. It is typically negative, say, —0.7,
which means that if the stock moves down, variance increases. As mentioned, this behavior is also
present in real markets and it also implies that the implied volatility of an option priced with this model
exhibits the desired skew.

Heston’s model is popular because it provides a parsimonious and intuitive description of the short
variance process. Moreover, it is possible to compute the fair price of a call in this model using rel-
atively quick numerical methods. This last point is of big importance: indeed, if we observe a set
C = (CTF) (1 kyex of market call prices (given by an implied volatility skew as the one above), then we
can try to find parameters (k, 0, v, p, (o) such that

> e [is x|

is minimized. This procedure of calibrating a model is widely used in practise and guarantees that a model
is well-fitted to relevant observed option prices. However, in order to implement the parameter-calibration
using a numerical minimization scheme, it is necessary that the computation of the expectation of the
option payoffs be reasonably quick.

Note that the approach also shows that in this sense the original “historical” measure Q does not play
a role in the implementation of a model if its parameters are determined via calibration. This implies
that the value of a contract for any institution that hedges its option risk will be different from its value
for a investor who is optimizing his investment according to his risk preference. Therefore, a price offered
by a financial institution can be “fair” but still be a good investment for a particular investor (recall the
seemingly cheap price of the call in the initial example on page 3).17

17Refer to Follmer/Schied for details on preferences and related concepts.
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Heston calibrated to S&P500, discrepancy in Implied Volatility 19.10.2005
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Figure 5: The result of calibrating Heston to S&P 500 option prices. The graph shows the market implied
volatilities and those from the calibrated model (the calibrated parameters are ¢2 =0.15, 6> = 0.34, k = 0.13,
p=—0.76 and v = 0.23).

Hedging in General Stochastic Volatility Models

What happens now to the replication argument from the previous section?
Well, if we are in a one-factor case (n = 1), it actually goes through in the same way it did before
(for ease of exposure, let us assume that ¢} > 0). As a first step, we can write

dW}H(w) dS;(w)

1
Vi (@)Si(w)
which, using equation (32), gives us the desired hedging result

r 410; (w) dSv (w)

0 VA@Sw)

Hp(w) = Hy +

just as in (24).

However, it is also intuitively clear that this will not work if » > 1: there are more sources of
randomness than market instruments in which we can invest. The market with only the stock and the
bank account considered as tradable instruments is incomplete because we cannot replicate all possible
payoffs. This is where the liquid options come in: if in addition to the stock, (n—1) “reference instruments”
with discounted price processes M 2, M™ are traded in the market, then we should be able to hedge
the remaining uncertainty in the market.

Let M! := §. The first step is to use the representation property of W for the vector M. This gives
us a random “volatility matrix” n = (9*7); j=1,.., such that

NI} () @) o w) Wi (w)
al o= s |
N (@) Bt w) e W) Wy (w)

To recover the vector W we need to be able to invert the matrix n. This confirms the intuition that the
liquid options in consideration need to be linearly independent. It also means that if we want to recover
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W up to some T', none of the options is allowed to expire: otherwise, the price process would be constant
(equal to the terminal value of the payoff) and the respective row in the volatility matrix would be zero.
Under the assumption that 7 is invertible, (32) shows that each payoff H can now be replicated as

n_oo.T . T
HT(w):HoJrZ /0 Al (w) dMj (w) + /O By(w) dB;

by dynamically trading in stock and reference instruments using the strategy ¢ = (Al,..., A" 3); the
investment strategy for the cash account is once more determined by the self-financing requirement.
According to (16), this means

i) = 3 (Hilw) = - M) M) (35)

The strategy is risk-free, which means that Hy is the fair price of the payoff Hr. Once again, if the price
H,; is a sufficiently smooth function of the prices of the market instruments,

Ht(w) = h(t7 Mtl(w), ) Mtn(w)) )
we can compute, just as in (31), the hedging ratios as

Al (w) = Oppih(t; M} (W), ..., M (w)) . (36)

3.3 Hedging Options on Realized Variance

It seems all the work is done: if there are finitely many continuous risk factors and sufficiently many
independent liquid options, then we have seen that we can still hedge all payoffs.

From a theoretical point of view, this is satisfactory. However, from a practical point of view we now
have to find some model which, on one hand, provides a good fit to the market prices of our reference
instruments and, on the other hand, produces reasonable dynamics for those instruments.

Hence, there are choices to be made which depend on the products we want to hedge with our model.
Since so-called “options on realized variance” are a particularly hot topic these days, we shall use these
as an example.

We will assume for the remainder of the article that r = 0, i.e. By = 1 such that discounted values
and actual values coincide.

The “realized variance” of a stock process in the period [0, 7] is the estimated daily variance of the
returns of the stock, commonly measured using

n

3 (log S, (w) —log Si,_, (@) (37)

i=1

where 0 = tg < --- < t, = T are the business days up to T.'® As in (11), this quantity will converge for
n ] oo to the quadratic variation of the logarithm of the stock price, and it is common to assume that
realized variance is indeed measured using

T
Vi () == (log S)r(w) = / Colw)dt | (38)

The most basic product which is based on realized variance is a so-called variance swap. A variance swap
pays V7' /T in exchange for a fixed cash strike K; since the strike K is fixed, we will ignore it in the

18Usually, the sum (37) is scaled by the constant 2527 /n in order to annualize the variance with respect to the number
of business days per year, normalized to 252. For details on variance swap contracts, see Demeterfi et al [DDKZ99].
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sequel. We denote the price at time ¢ of a variance swap with maturity 7 by V,7. It is as usual given as
the expectation of the payoff under the risk neutral measure P:

/0 s ﬂ} (@)

/O ) ds + B /t “ds ft] (@) -

The last equation follows because the variance up to t is measurable with respect to the stock price
observations. Note that the prices of variance swaps are usually quoted in terms of their “volatility”
i.e. as \/V /T. This notation is also used in the graphs below.

The key about variance swaps is that they are reasonably liquid for most major indices. This means

Vil (w)

we can use them as reference instruments, which makes particular sense if we want to price payoffs based
on the realized variance.
An example of such an “option on variance” is a call on variance,

1 /7 "
Hy(w) = (T /0 C(w) dt—K> (39)

It makes sense to buy such a call if the investor believes that the variance of the stock price will go up
(recall that the investor is using the historical measure Q): a call is cheaper than the plain variance swap.
For example, overall variance levels are relatively low these days (at least if compared with the end of the
last decade in the internet bubble), so an investor might reasonably assume that the variance will pick
up some time soon. If this is not the case, we can sell instead a put,

1 (7 i

Once the option is sold, we will have to hedge our position. If we assume that there is more uncertainty
in the market than a plain one-factor model could capture (where all risks can be hedged by trading
in the stock alone), then a reasonable approach is to use variance swaps to hedge our exposure to the
variance risk.

The next step is therefore to specify a model which fits the traded variance swap prices well.

Assume we find a C?™?2 function G : Z x [0, 7] — R which is seen to interpolate the market prices of
variance swaps reasonably well for varying parameter z from the open set Z € R™. An obvious approach
would then be to construct a process Z = (Z;)icjo, 7] such that

T(w) = / Co(w)ds + C(Zu(w): T — 1) . (40)
0

This ensures that the variance swap prices will always have the desired functional shape. By assigning
convenient dynamics to Z, we can also ensure that the prices of the variance swaps behave reasonably.
Of course, the considerations of the previous chapters imply that the process Z cannot be chosen ar-
bitrarily. In particular, VT = (V;T)te[oﬂ must be a martingale for all 7. If we assume that Z is the
solution to an SDE of the form

dz} 1 (Zy) Nz e Mz aw}
: = : dt + : - : : ; (41)
dz" uw"™(Z) SMUZy) e N (Z) dwy

then it can be shown using Itd’s formula that under some regularity conditions (see [B05]), the function G
and the coefficients p and ¢ must satisfy

32@(2;7'):i 1(2)0,:G(z;7) + Z 2 iG(z T Zg”“ )P (2) .
i=1

1,j=1
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Variance swap prices 24.10.2005
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Figure 6: Variance swap market prices on various indices, quoted in “volatility”. Note that the general shapes
of the curves are quite similar.

With standard conventions, this can be written more clearly as
1
0.G(z;7) = p(2)0.G(z;7) + §g(z)2 02.G(zT) .

If this equation is satisfied for a “consistent” pair (G, Z), then the price processes of all variance swaps
are proper martingales. Moreover, differentiating (40) with respect to the maturity T of the variance
swap shows that

¢t (w) = 0;G(Z4(w),0) .

Hence our approach produces a stochastic volatility as introduced above: it merely remains to specify
the instantaneous correlation vector p = (p!,...,p") for the Brownian motion X. We will assume that
this vector is a constant.

Double Mean-Reversion

An good example of the above approach is the “Double mean-reversion” function G : RT3 x [0, 00) — R*
defined as

1 _ e*l{T

1—eCT 1 — e KT
G(Z;T):Z;:,T—F(zl—Z3)T+(z2_z3) K ( e _ e )

KR —C C K

for strictly positive constants x and c.'” The function G can be reduced to the respective functional H
given by Heston’s model (34) by setting zo = z3,

1 _ 67’{7-

H(z;7) := 237 + (21 — 23)

During the course of the last two years, G has shown to fit well to observed market prices. Figure ref-
figrvswapfit shows an example?’

19The limit x = c exists.
20Tn theory, the constants x and ¢ have to be calibrated only once per underlying, but in practise they are updated upon
strong movements of the market.
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S&P500 variance swap prices and model fit 24.10.2005
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Figure 7: Fit of our model function G and Heston’s function H to S&P 500 variance swap market prices. The
scale of differences between the calibrated function G and the market is indicated on the right hand axis.

A consistent process Z with SDE (41) has the general form

Azt = k(Z}-ZhHdt + <HZ)dw,
dz? = o(Z} - ZHdt + <*(Z;)dWy
dZtB = §3(Zt) th
where the volatility vectors ¢',...,¢> must ensure that Z', ..., Z3 stay strictly positive. From the defi-

nition of G it follows that ¢; = Z}.

The idea is that the stochastic variance process ( is again mean-reverting. In extension to Heston’s
model (34), the level of mean-reversion is itself stochastic and mean-reverting to just another stochastic
long-term level. This parameterizes the variance swap prices in terms of a short, medium and long level
of variance. Such an approach is justified given historic data, which often show a mean-reversion-like
behaviour around a moving mean (it should be noted that the improved flexibility of the model comes at
a cost: its numerical implementation, in particular of the calibration itself, is far more challenging than
for Heston’s model for which fast and accurate methods are available).

Once this model is implemented, we can finally hedge our options on variance. Consider for exam-
ple a call on variance (39) and recall (36). We proceed as follows: by construction, the model vector
(S,Z1,...,73) is Markov. That means that the price H; of each payoff Hr is given in terms of a
function H as

Hy(w) = h(t; Se(w), ZH (W), ..., ZE(w)) (42)
Unfortunately, Z is not itself tradable. Hence, we choose three reference variance swaps V1, ..., V3 with
maturities 71, ...,T3. The function

G2 R = (G(5T1),6(: 1), G(: Ty))
is invertible with smooth inverse G~'. Hence, we can write (42) as

Hy(w) = h(t; Si(w), G (Vi (w) — VW), ..., VP (w) — Vii(w))))
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and therefore as .
Hi(w)=h (t; Si(w), VHW), ..., VA (w); [ ¢s(w) ds) .
0
This gives us the hedging strategy

A :=dgh(---) and Al :=8yh(--) j=1,...,3

according to (36). The computation of these ratios can be implemented using numerical differentiation
(usually, a simple centered difference with a specified width is sufficient).

4 Conclusions

We have introduced basic ideas of mathematical finance and shown that in contrast to an insurance
company, a financial institution which trades options on stocks can hedge itself and try to replicate the
target payoffs. It is an appealing and intuitive concept to characterize the fair price of a payoff as the
cost of the implementation of this replication strategy since it does not involve any risk. It may mean
that we have to consider further reference instruments in addition to the stock — in our example, we have
used variance swaps alongside the underlying stock to hedge so-called options on realized variance. It is
a great challenge today to develop models which capture the relevant behavior of the markets; advanced
mathematical tools are applied on a daily basis to develop to ever more realistic and complex models.

Of course, the framework presented here is idealistic: in reality, the dynamics of the hedging instru-
ments are not easy to determine and we have to pay transaction costs and taxes. Extraordinary market
events often make it impossible to execute a hedging strategy and so forth. Many of these issues have
been addressed elsewhere or are the subject of current research.

However, the success of the financial industry also indicates that the general approach of pricing by
replication works and that it is a powerful tool to manage the risk of exotic payoffs. Mathematics is a
key contributor to this success.
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