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Abstract

We characterize strictly arbitrage-free markets of European options
where only a discrete set of options is traded. We then construct mar-
tingales which reprice all given options and which are “most expensive”
among all martingales with this property.

We also present algorithms to adjust real life market data and to con-
struct expensive martingales while taking into account additional “weak”
information: Estimated prices of more exotic products such as, for exam-
ple, forward started options.

1 Introduction

It is well known that the implied volatility surface of a typical market does not
exhibit just time-dependent implied volatilities, and that there is therefore a
requirement to model processes which go beyond the classical Black, Scholes &
Merton approach.

There are various attempts to find a process which can be calibrated to the
market and which is then able to reproduce these observed option prices.

The first group of models, are local volatility models as proposed by Dupire
[6] or Derman/Kani [5]. They address this problem very elegantly if there is a
continuum of option prices in strikes and maturities. However, since this is not
the case in practise, these methods have to be combined either with numerical

1



optimization (for example Klopfer et al [13] or Avellaneda et al [3]) or with
interpolation, for which it is difficult to ensure absence of arbitrage.

Another approach is to model the stock price directly with a parameterized
martingale model. The most popular stochastic volatility model is probably
Heston [11] and the use of Levy processes in finance has been discussed, for
example, by Overhaus et al [14]. However, to determine the parameter of the
respective stock model, the process has to be calibrated once more to the discrete
market data.

All of these models therefore need to be fitted in one way or the other to
a discrete number observed option prices. We propose that these prices should
first be checked for absence of arbitrage before the calibration is performed, and
we show how such an algorithm works and how existing market data can be
turned into an strictly arbitrage-free surface.

Moreover, we will then show how to construct a discrete state and discrete
time martingale which reprices all options and which can clearly be identified as
a “most expensive” martingale with this property. This is insofar an important
benchmark as it shows upper arbitrage bounds for prices of convex European
payoffs. Our martingale will be a point process which jumps only on the strikes
of the options present in the market. From a technical point, our model is
closest to the approach from Derman and Kani [5]. In fact, our model is in
some sense a high dimensional generalization of their model where the “tree”
only has nodes in as few states as possible.

Since our “most expensive” process is not uniquely defined, we then show
how additional “weak information” in the form of approximate prices of further
Exotic options can be incorporated into the model.

This article is structured as follows: First we present some notation, then
we discuss the notion of “strict arbitrage-freeness”. In section three, we discuss
how the theoretical results of Kellerer [12] can be used to obtain our expensive
martingales, and how weak information can be incorporated. In the final fourth
chapter we briefly review how this model can be used to price Exotic payoffs.

We conclude with a summary and remarks on the relation to further litera-
ture.

2 Setup

Assume that we are given a stock price S0 in a market where the instantaneous
interest rates (rt)t≥0 and the forward process F = (Ft)t≥0 of the stock are de-
terministic. The discounted forward e−

∫ t
0rs dsFt is then the price of a zero-strike

call under the previous assumption. Since the forward process is deterministic,
we can assume that St = XtFt, where X is a local martingale if there is “no
free lunch without vanishing risk” (see Delbaen/Schachermayer [4]).
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The payoff of a call with maturity T and strike K can then be rewritten as

e−
∫ t
0rs ds (ST −K)+ = e−

∫ t
0rs dsFT

(
XT − K

FT

)+

. (1)

Since we assume that F and r are deterministic and because a price system
should be linear, we can without loss of generalization consider X instead of S.
(Note, however, that we implicitly assumed that all dividends are proportional.)

Assumption 1 The market interest rates are zero, there is no drift in the stock
(which we will denote by X) and today’s spot X0 is one. This is no restriction.

Equation (1) allows us to convert “real” market prices into our “flat” setting.
The strikes for the options written on X are now given “relative to the forward”
by {K/FT }K,T . Note that if the “real” market prices are quoted on a grid (ie,
the same fixed cash strikes across maturities), the relative strikes will no longer
be in such a grid.

2.1 The Market

Additional to X, we also assume that we are given m European call option
prices C = (Ci)i=1,...,m with maturities 0 < τ1 ≤ · · · ≤ τn < ∞ and strikes
k1, . . . , km ∈ R+ are known. (In this article, R+ := {x ∈ R : x > 0} and
R+

0 := R+ ∪ {0}.) We hence assume there are no spreads.
We will also need the set of all strikes at τ ,

Kτ := { ki ∈ K : τi = τ} .

We will assume for all maturities τ ∈ T that 0 ∈ Kτ . In other words, we assume
that the zero strike call prices are provided for all maturities.

Assumption 2 For all τ ∈ T , C(τ, 0) = 1.

Note that violation of this property does not imply presence of arbitrage since
X might only be a local martingale. However, we are interested in constructing
true martingales so we impose the above assumption.

Since the call strikes K :=
⋃

τ∈T Kτ are only a finite set, it is likely that
C(τ, maxKτ ) > 0. In this case, there is usually some freedom left for the call
prices above maxKτ (also see the proof of proposition 3.1). We hence introduce
the “zero price strike”:

Assumption 3 We assume that there is some arbitrary but finite “zero price
strike” k∗ À maxK such that C(τ, k∗) ≡ 0 for all τ ∈ T .

This “zero price strike” is a technical utility which we need to construct our
martingales (see proposition 3.1 below). It is no restriction on the market data
since it can be arbitrarily large. It does, however, enter in the notion of a “most
expensive” martingale below.
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Some notation

Given the zero strike price, let

K∗τ := Kτ ∪ {k∗} .

We also define the number of non-trivial strikes for a maturity τ as

dτ := |Kτ | − 1 .

We can then renumber the strikes in K∗τ such that

0 =: kτ
0 < · · · < kτ

dτ
< kτ

dτ+1 := k∗

We will also write kτ ∈ Rdτ+2 for the column vector with entries kτ
j . For the

elements of T we write
0 =: τ0 < τ1 < · · · < τn

Since the maturities τ j are index by some j ∈ {0, . . . , n} we may also use the
index as a reference, ie Kj instead of Kτ . The use of the letter j is confined to
denote an index j ∈ {0, . . . , n}.

Given a measure µ we will use the symbol X to denote the stock price process
under this measure, ie

Eµ [F (X) ] :=
∫

F (x)µ(dx) .

A measure with a discrete support {x1, . . . , xM} can be written as

µ(dx) =
M∑

i=1

µi δxi(dx)

where δy denotes the dirac measure in y. The vector (µi)i=1,...,M of real numbers
identifies the measure µ and we will not distinguish between this vector and µ
itself if the support {x1, . . . , xM} of the measure is clear.

A prime ′ will denote the transpose of a matrix or vector.

2.2 Strict Absence of Arbitrage

Let us now define what we mean with absence of arbitrage

Definition 2.1 The surface C is called strictly arbitrage-free if there exists a
martingale X on some stochastic base W := (Ω,A,P,F) such that

EP
[
(Xτi − ki)

+
]

= C(τi, ki) .

We then say that X (or its measure P[X ∈ ·]) reprices the market.
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Note that we have used the same symbol X, which is a slight abuse of notation.

Remark 2.1 Note that the definition of “strict” arbitrage-freeness above is stronger
than “No free lunch without vanishing risk”, which in turn is equivalent to the
existence of a local martingale (see Delbaen/Schachermayer [4]). This is re-
flected in our assumption 2.

Note that this question is not purely academic, see for example Andersen et
al [2].

The natural questions to ask are now: What are equivalent conditions on C
such the market is strictly arbitrage-free ? And given a strictly arbitrage-free
market C, can we always construct a martingale which reprices the market ?

The first question is been answered by Kellerer [12]. The main contribution
of this article is to clarify the construction of such a martingale.

3 Expensive Martingales

Definition 3.1 The Balayage order between measures µ and ν is defined as

µ ¹ ν iff
∫

f(x)µ(dx) ≤
∫

f(x) ν(dx)

for all convex functions f . We then say that ν is more expensive than µ.

Lemma 3.1 We have µ ¹ ν if and only if∫
(x− k)+ µ(dx) ≤

∫
(x− k)+ ν(dx)

for all k.

See corollary 2.63 in Föllmer/Schied [8]. In his work [12], Kellerer showed that
then

Theorem 3.1 (Kellerer 1972) Let µ = (µt)t∈J be a set of probability measures
with expectation 1, where J ⊆ R+

0 is some Borel-set.
Then, a Markov martingale X = (Xt)t∈J with marginal distributions µt

exists if and only if µ is in Balayage-order, that is

µt ¹ µu

for all t < u with t, u ∈ J .

Thanks to Jensen’s inequality, the qualifier “Markov” is actually not necessary
because the measures µt(dx) := P[Xt ∈ dx] for some martingale X are naturally
in Balayage-order.

Corollary 3.1 Let µ = (µt)t∈J be as above. Then, a martingale X = (Xt)t∈J
with marginal distributions µt exists if and only µ is in Balayage-order.

Corollary 3.1 will be our main tool. Note that it is stronger than Dupire’s [6]
result since it is also applicable to non-continuous martingales.
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3.1 Upper Pricing Measures

According theorem 3.1, absence of arbitrage is equivalent to µ = (µτ )τ∈T being
in Balayage-order. In our context, we do not have the full marginal distributions,
but only a few discrete option prices. Clearly, the market C is strictly arbitrage-
free in the sense introduced above if and only if we can construct a measure µτ

for all maturities τ ∈ T in our surface such that the set µ = (µτ )τ∈T is in
Balayage-order.

The first question is therefore how we can construct a measure µτ for just
one given maturity.

To this end, define the first difference of the call price, which is the call
spread between two strikes:

∆iC(τ) :=
C(τ, kτ

i+1)− C(τ, kτ
i )

kτ
i+1 − kτ

i

i = 0, . . . , dτ . (2)

We also set ∆dτ+1C(τ) := 0.

Definition 3.2 We call a measure µτ compatible (in τ) if and only if
∫

(x− k+)µτ (dx) = C(τ, k)

for all k ∈ Kτ .

Following Föllmer/Schied [8] section 7.4 (where the proposition is shown for the
general continuous case, but without explicit construction of the upper pricing
measure) we have:

Proposition 3.1 A compatible measure µτ for τ exists if and only if the fol-
lowing conditions hold

1. Positivity: For all k ∈ Kτ ,

C(τ, k) ≥ 0 . (3)

2. Monotonicity: For all i = 0, . . . , dτ − 1,

−1 ≤ ∆iC(τ) ≤ 0 . (4)

3. Convexity: For all i = 1, . . . , dτ − 1,

∆i−1C(τ) ≤ ∆iC(τ) . (5)

In that case, we can define the upper pricing measure for τ by

µτ (dx) :=
dτ+1∑

i=0

δki(dx)µτ
i . (6)

with

µτ
i :=

{
1−∆0C(τ) (i = 0)

∆iC(τ)−∆i−1C(τ) (i = 1, . . . , dτ + 1)
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Remark 3.1 Instead of monotonicity, it is actually sufficient to assert −1 ≤
∆0C(τ) and ∆dτ

C(τ) ≤ 0 (since monotonicity of the call prices then follows
from convexity and the fact that C(τ, 0) = 1 and C(τ, kτ

dτ+1) = 0).
Also note that the above properties imply that 1 ≥ C(τ, k) ≥ (1− k)+.

Proof – We shall construct the requested measure. Let d := dτ . Note that by
definition kd+1 = k∗ with C(τ, kd+1) := 0.

Set

µ(dx) :=
d+1∑

i=0

µi δki(dx) µi ∈ [0, 1] . (7)

We have to identify µi which sum up to 1 and which render µ compatible in τ .
First, let

qi := 1 + ∆iC(τ) (i = 0, . . . , d).

This is the discrete equivalent of P[Xτ ≤ k] = 1 + ∂kC(τ, k). From equations
(4) and (5) we see that 0 ≤ qi ≤ qi+1 ≤ 1.

Note that if ∆dC(τ) < 0 (which is the case if call with the highest ini-
tial strike has a non-zero price), then qd < 1. We hence set qd+1 := 1, ie
∆d+1C(τ) := 0. That is, there is no probability mass beyond the “zero price
strike” kd+1.

Also note that we may have q0 > 0 which reflects a possibility of default
(since we construct a positive martingale, zero will be an absorbing state).

Now define
µi := qi − qi−1 (i = 1, . . . , d + 1) (8)

and µ0 := q0. All µi are then non-negative for i = 0, . . . , d + 1 and they add up
to one.

Now let i ∈ {−1, 0, . . . , d + 1}. Then,

d+1∑

j=i+1

kjµj =
d+1∑

j=i+1

kj (qj − qj−1)

=
d+1∑

j=i+1

kj (∆jC(τ)−∆j−1C(τ))

= −∆iC(τ)ki+1 + 0 +
d∑

j=i+1

(kj − kj+1)∆jC(τ)

= −∆iC(τ)ki+1 −
d∑

j=i+1

(C(τ, kj+1)− C(τ, kj))

= −C(τ, ki+1)− C(τ, ki)
ki+1 − ki

ki+1 + C(τ, ki+1) + 0

= −C(τ, ki+1)ki − C(τ, ki)ki+1

ki+1 − ki
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On the other hand,

ki

d+1∑

j=i+1

µj = ki

d+1∑

j=i+1

(qj − qj−1) = ki(qd+1 − qi)

= ki(∆d+1C(τ)−∆iC(τ))

= −C(τ, ki+1)− C(τ, ki)
ki+1 − ki

ki

Hence

Eµ

[
(X − ki)+

]
=

d+1∑

j=i+1

(kj − ki)µj

= −C(τ, ki+1)ki − C(τ, ki)ki+1

ki+1 − ki
+
C(τ, ki+1)− C(τ, ki)

ki+1 − ki
ki

= C(τ, ki)

Hence, the measure µ has expectation 1 (by setting i = −1) and reprices the
market. ¤

Remark 3.2 In the above construction of the measure µ, we used the “zero
price strike” k∗ = kd+1 to account for the fact that a market price C(τ, kτ

dτ
) > 0

leaves much room for possible call prices beyond kd. As long as integrability and
convexity is preserved a compatible measure could technically have an infinite
support.

The name “upper pricing measure” is justified by the following observation:

Lemma 3.2 Let µτ be the upper pricing measure for τ .
Then µτ interpolates the call prices linearly.
Consequently,

1. The measure µ dominates all compatible measures with support only on
[0, k∗] in the Balayage-order.

2. If ν is any compatible measure, than µ is more expensive for all calls with
strikes k ≤ kdτ .

3. If ν is any measure with Eν [ (X − kτ
i )+ ] ≤ C(τ, kτ

i ) for all i = 0, . . . , dτ +
1, then µτ dominates ν.

For the proof we will need the notion of the linear interpolation between to call
prices. To this end, define

C∗(τ, k) :=
k − ki

ki+1 − ki
C(τ, ki+1) +

ki+1 − k

ki+1 − ki
C(τ, ki) k ∈ [ki, ki+1) (9)
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and C∗(τ, k) := 0 for k ≥ k∗.

Proof – First we show that µ = µτ interpolates the call prices linearly:

Eµ

[
(X − k)+

]
=

d+1∑

j=i+1

(kj − k)µj

=
d+1∑

j=i+1

((kj − ki) + (ki − k)) µj

= C(τ, ki) + (ki − k)
d+1∑

j=i+1

µj

= C(τ, ki) +
ki − k

ki+1 − ki
(C(τ, ki+1)− C(τ, ki))

= C∗(τ, k)

Now we prove the last of the three statements in the lemma, which obviously
implies the first. Number two is just a simple extension.

Let ν be a compatible measure.
For k ∈ Kτ we have Eν [ (X − k)+) ] ≤ C(τ, k) = Eµ [ (X − k)+ ]. So let

ki < k < ki+1 (we omit the explicit notion of τ). By convexity of the call price
wrt strike,

Eν

[
(X − k)+

] ≤ C∗(τ, k) = Eµ

[
(X − k)+

]
. (10)

ie (10) applied to µ is an equality. Hence, µ dominates ν. ¤

3.1.1 Call price functions

Corollary 3.1 makes it clear that the question on whether two measures are
in Balayage-order is a matter of the relationships between the call prices. We
therefore define

Definition 3.3 A call price function c : R+ → R+ is a function which can be
represented as

c(k) :=
∫

(x− k)+ ν(dx) (11)

for some measure ν with expectation 1 and support only on R+
0 .

For a given measure ν, its call price function is accordingly defined by (11).

As a generalization of proposition 3.1 we have:

Proposition 3.2 A function c : R+
0 7→ [0, 1] is a call price function iff

1. c(0) = 1, limx↑∞ c(x) = 0.

2. c is positive.
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3. c is decreasing with c(δ)− 1 ≥ −δ for all δ > 0.

4. c is convex.

Proof – Since c is convex and decreasing, its right-hand derivative c′ exists
and is right-continuous and non-decreasing. We also have that c′ ≥ −1 and
limx↑∞ c′(x) = 0. Let f(x) := 1 + c′(x), which is a positive, right-continuous
and non-decreasing function and which therefore implies the existence of some
positive σ-finite measure via ν[(a, b]] := f(b) − f(a) (cf. Aliprantis/Border [1]
theorem 9.47 pg. 354). ¤

We call one call price function c2 more expensive than another call price function
c1 if and only if c2(x) ≥ c1(x). Thanks to corollary 3.1 that is equivalent to say
that ν2 is more expensive than ν1.

So the upper pricing measure µτ is just more expensive than all other mea-
sures which are compatible with τ because it is the largest (since linear) convex
interpolation between the discrete call prices C(τ, ·)|Kτ .

In the sequel, we will need the lower call price function of two such functions

Definition 3.4 Let c and e be two call price functions. Then,

c u e := sup { h : h(x) ≤ c(x) ∧ e(x) and h is a call price function.} (12)

is called the lower call price function of c and e.
For two measures µ and ν with call price functions c and e, we accordingly

call the measure µ u ν implied by c u e the lower measure of µ and ν.

We have that c u e(0) = 1 and that c u e is positive and convex (because the
supremum of convex functions is convex). It also decreasing by the properties
of the supremum. Hence the above definition makes sense because the fact that
(1− x)+ ≤ c(x)∧ e(x) ensures that the set on the right hand side of (12) is not
empty.

Also observe that µ u ν ¹ µ.

Definition 3.5 We call a set c = (cj)j=1,...,n of call price functions strictly
arbitrage-free if the implied measures are strictly arbitrage-free.

Notation 1 We call x ∈ R+ extremal point of c if

c(x + δ)− c(x)
δ

− c(x)− c(x− δ)
δ

=
c(x + δ)− 2c(x) + c(x− δ)

δ
> 0

for all almost all δ > 0.

In case c is piecewise linear (as it will be in most of our applications), the
extremal points are exactly those points where the slope of c changes.
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3.2 Relative Upper Pricing Measures

The previous section showed that we can define an upper pricing measure for
each maturity under the conditions of proposition 3.1. However, this did not
take into account the term structure of the data we have.

For this reason, assume now that we have to maturities τ1 and τ2 > τ1

with call strikes K1 and K2, respectively. Recall that {0, k∗} ⊂ K1 ∩ K2 by
assumption. We assume that proposition 3.1 applies and that we can construct
two upper pricing measures µ1 and µ2.

Proposition 3.3 If K1 ⊇ K2, then the measures µ1 and µ2 are in Balayage-
order (ie, C is arbitrage-free) if and only if C(τ1, k) ≤ C(τ2, k) for all k ∈ K2.

Proof – Apply third statement of lemma 3.2. ¤

In this situation, since the calls of the later maturity must dominate the prices
for the earlier, we have to fit the convex τ1-call price function below those later
prices.

Now assume that K1 ⊂ K2. In this case, the situation is more involved: The
upper pricing measure µ1 might be too expensive between strikes k2

i−1, k
2
i+1 for

τ2. This can be seen from the following example:
Assume that for some i we have C(τ1, k

2
i−1) = C(τ2, k

2
i−1), C(τ1, k

2
i+1) =

C(τ2, k
2
i+1), but no call price for a strike between k2

i−1 and k2
i+1 is available for

τ1 (call prices might well be flat in time may if there is no forward variance, for
example during a weekend). Assume moreover, that C(τ2, ·) is not linear in this
interval, ie that

C(τ2, k
2
i ) <

k2
i − k2

i−1

k2
i+1 − k2

i−1

C(τ2, k
2
i+1) +

k2
i+1 − k2

i

k2
i+1 − k2

i−1

C(τ2, k
2
i−1)

In that case the upper pricing measure of µ1 will dominate µ2 in this interval
(because the call prices implied by µ1 are the result of linear interpolation).
But that does clearly not imply that there is no τ1-compatible measure which
is dominated by µ2. Indeed, then the measure implied by additionally setting
C(τ2, k

2
i ) := C(τ1, k

2
i ) exists and is compatible with τ1 if the market is arbitrage-

free.
Let us formalize this idea:

Definition 3.6 Let µ = (µj)j=1,...,n be the set of upper pricing measures. The
set of relative upper call price measures µ̄ = (µ̄j)j=1,...,n is then given by

µ̄n := µn (13)
µ̄j := µj u µ̄j+1 (j = n− 1, . . . , 1) . (14)

By construction, the set µ̄ is in Balayage order, and each measure µ has support
on K̄j :=

⋃n
i=j Ki.
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Lemma 3.3 The market is strictly arbitrage-free if and only the relative upper
pricing measure reprices the market.

Proposition 3.4 The relative upper pricing measures dominate the marginals
of any martingale which reprices the market and whose marginals have support
in [0, k∗]. For any martingale which reprices the market, the relative upper
pricing measure is more expensive for all calls with strikes k ≤ kτ

dτ
for τ ∈ T .

By theorem 3.1, there exists a Markov-martingale X with marginals µ̄, which
we will call an “expensive martingale”. (Note that it is not unique).

Proof – [of lemma 3.3] First of all, if the relative upper pricing measures reprice
the market, then the market is strictly arbitrage-free since µ̄ is in Balayage
order.

Conversely, let j := max{j : µ̄j does not reprice the market} < n. Set T :=
τj , and denote the call price function of µT by c and the call price function of µ̄j

by c̄. Since µj reprices the market and since µj º µ̄j , there exists k ∈ Kj such
that c(k) > c̄(k). We have to show that this yields an arbitrage opportunity.

1. First assume that k ∈ Kj ∩ Kj+1.

Since µ̄j reprices the market, we have c̄j+1(k) = C(τ j+1, k) (where we
denote by c̄j+1 the call price function µ̄j+1). Given c̄(k) = c(k) u ē(k) <
c(k) = C(τ j , k) this implies an arbitrage opportunity at k.

2. So k ∈ Kj ∩ K̄j+1 \ Kj+1.

Hence, there is some i := min{i > j : k ∈ Ki}. If c̄j+1(k) = C(τ i, k), we
can apply the argument of the point above. If c̄j+1(k) < C(τ i, k), then k
is not extremal for c̄j+1.

Now let k− and k+ the two extremal points k− < k < k+ of c̄j+1 which
are closest to k (note that c̄j+1 is piecewise linear, so k± are well-defined).
Then, c̄j+1|[k−,k+] is a linear function.

Then there exists i−, i+ > j such that c̄j+1(k±) = C(τ i± , k±). But any
valid call price function for τ j must have c(k±) ≤ ci±(k±), which is not
possible if c(k) is above the linear interpolation c̄j+1|[k−,k+](k) between
ci−(k−) and ci+(k+)

This ends the proof. ¤

Proof – [of proposition 3.4] If a martingale X reprices the market, then the
market is strictly arbitrage-free and µ̄ reprices the market, too. An argument
similar to the above yields that µ̄τ must then dominate the call prices of Xτ on
the entire interval [0, kdτ ]. ¤
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The above discussion yields to equivalent conditions an strict arbitrage-freeness.
We can employ the results now to implement two algorithms, the first of which
tests whether a surface is arbitrage-free and the second which produces such an
arbitrage-free surface “close” to given market data.

3.2.1 Test for Strict Arbitrage-freeness

Lemma 3.3 shows how to check mathematically whether a given call price surface
C is arbitrage-free. From an implementation point of view, the following steps
are to be performed:

1. Ensure the conditions of proposition 3.1 are satisfied for all maturities
τ ∈ T . Otherwise, the respective marginal allows for arbitrage.

2. Construct the upper pricing measure µn for the last maturity τn. Let
K̄n := K∗n. Define µ̄n := µn and let c̄n be its call price function.

3. For each j,

(a) Set K̄j := Kj ∪ K̄j+1.

(b) Let c̄j := cj u c̄j+1.
This can be done by the following algorithm:

i. Set f(x) := cj(x) ∧ c̄j+1(x) and denote by 1 = K0 < · · · <
Km+1 = k∗ be the strikes of K̄j .

ii. Define h0(x) as the line between (1, 1) and (k∗, 0).
iii. For each strike Ki, i = 1, . . . , m, now check whether f(Ki) ≥

hi−1(Ki) and set hi := hi−1 in this case
If f(Ki) < hi−1(Ki) find the strike K` with ` < i such that its
left hand side derivative is less than

f(Ki)− hi−1(K`)
Ki −K`

For this matter, the left hand side derivative at 0 is −1. Such a
strike must exist because hi−1 is convex.
Define the function hi as hi−1 on [0,K`], and as linear interpo-
lation between K` and Ki and Ki and Km+1 = 1, respectively.

iv. We obtain c̄j := hm.

4. Check if c̄j(K) = C(τ j ,K) for all K ∈ Kj . If not, there is a arbitrage
opportunity.

Note that this algorithm also produces the relative upper pricing measures by
means of their call prices.
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3.2.2 How to Produce a strictly Arbitrage-free Surface

The above algorithm can also be implemented in an linear programming (LP)
framework. To this end, we note that the conditions of proposition 3.1 are all
linear conditions on the call prices C.

We will now discuss how this observation can be used to produce an arbitrage-
free surface from real life market data. Such data is prone to statistical difficul-
ties. Moreover, trades for different options do not happen at exactly the same
time, hence additional uncertainty is introduced in the market data by accu-
mulating trade information. Consequently, minor violations of the arbitrage-
conditions in a static snapshot of the market may actually not reflect real
arbitrage-opportunities.

We assume that the transformation from real prices on S to prices of X
using (1) has been performed.

Let us define as before the sets

K̄j :=
n⋃

i=j

K∗i

and set δj := |K̄j | − 2. Define the vectors Kj = (Kj
0 , . . . ,Kj

δj
)′ of strikes from

K̄j and the weighting functions wj := (wj
0, . . . , w

j
δj

)′ with wj
i := 1Kj

i∈Kj
. The

weight wj is therefore zero if there is no price C(τj ,K
j
i ) available from the

market for Kj
i with maturity τj . Note that the positive weights can be altered

according to some user-choice.
Then define

sj
i := C∗(τ j ,Kj

i )

where C∗ is the linear interpolation as defined in (9).

We intend to compute a set c = (cj)j=1,...,n call price functions which is as close
as possible to the initial market data, ie

minimize ||~c− ~s||w (15)

where || · ||w is given in terms of some norm || · || using

||~x||w := ||~x ? ~w||
where ? denotes component-wise multiplication. Here, we used ~c to denote the
joint vector ~c = (c1′ . . . cn′)′. Clearly, we have to formulate conditions which
constrain the minimization problem (15) to arbitrage-free call price functions c.

Ensuring absence of strict arbitrage in strike

Now fix some j and define the ratio

αj
i :=

1
kj

i+1 − kj
i

14



for i = 0, . . . , dj . (When implementing this algorithm, we have to ensure that
the strikes are sufficiently distant from each other to avoid numerical problems.)

In the light of remark 3.1, the conditions of proposition 3.1 translate into

1. Bounded parameters 1 = cj
0 ≥ cj

i ≥ cj
dj+1 = 0 for i = 1, . . . , δj .

2. Bounded first derivatives,

−1 ≤ αj
0c

j
1 + αj

0c
j
0 and αj

dj
cj
dj+1 + αj

dj
cj
dj
≤ 0

3. Convexity: For i = 2, . . . , δj :

αj
i−1c

j
i + αj

i−1c
j
i−1 ≤ αj

i c
j
i+1 + αj

i c
j
i .

This can also be rewritten as the usual convexity condition

αj
i c

j
i+1 −

(
αj

i−1 + αj
i

)
cj
i + αj

i−1c
j
i−1 ≥ 0 .

Remark 3.3 In a similar approach to Härdle et al [10], we can reformulate the
above conditions in terms of the first derivatives, too:

βj
i := αj

i c
j
i+1 + αj

i c
j
i .

In any event all the above conditions are simple linear constraints on the call
prices, which we can write as

Ajcj ≥ bj (16)

for a suitable matrix Aj and a vector bj .

Strict arbitrage in time

Given now the matrices Aj , we also have to impose the condition that the call
prices must be ordered in the Balayage-order. However, since the function cj+1

will be defined on all strikes on which cj is defined, proposition 3.3 yields that it
is sufficient to ensure that cj is below the linear interpolation of cj+1. Because
of the convexity conditions on cj , this is automatically satisfied if cj(kj+1

i ) ≤
cj+1(kj+1

i ) for all kj+1
i ∈ K̄j+1 ⊂ K̄j .

Hence we find a (very sparse) matrix Bj such that

Bj

(
cj

cj+1

)
≥ 0 (17)

ensures that the call prices are increasing for all j = 1, . . . , n− 1.

15



Linear programming

In summary, we have found that the call price vector ~c must satisfy some linear
constraints

U~c ≥ v

to ensure that the resulting call price functions c are strictly arbitrage-free. This
can now be used to compute a “closest” fit to the given market data by solving
the program

minimize ||~c− ~s||w
U~c ≥ v

(18)

Note that this program will return the initial call prices C∗ in case the market
was strictly arbitrage-free from the start.

Remark 3.4 The above “full” linear program can be very extensive, if many ma-
turities are involved. In this case, the program can also be executed “blockwise”
from the back, bootstrapping the solution. This will not yield a true ||·||w-optimal
result but is considerably faster.

Remark 3.5 If the sets Kj are very different from each other, many weights wj
i

will be zero and there is no unique solution to (18), which can produce unstable
solutions.

As a remedy, the weight of an artificial call price can be set to some ε > 0.

Note, however, that in our experience this routine does not generally yield an
appropriate interpolation if the initial market data exhibits strong arbitrage.
The resulting call price surface can be very different from a user’s expectation
and additional steps such as proper weighting must be taken to ensure that the
surface meets the desired properties (such as tight fit around at-the-money, for
example).

3.3 Expensive Martingales

We now assume that we are given a sequence of strictly arbitrage-free measures
µ = (µτ )τ∈T with masses only in the strikes 0 = kτ

0 < · · · < kτ
dτ+1 := k∗.

We can now apply theorem 3.1 which asserts there must be a Markov process
X = (Xτ )τ∈T which reprices the market C implied by µ. As before, we use the
indices j = 1, . . . , n to refer to quantities related to the maturities τ1, . . . , τd.

Let us denote the unit vector from Rdj+2 by 1j for j = 1, . . . , n. We also
use the notion µj for the dj+2-dimensional column vector of point masses µj [kj

i ].

The transition-probabilities of X “from u to `” are

Πj
u` :=

{
P[ Xj = kj

` | Xj−1 = kj−1
u ] if P[Xj−1 = kj−1

u ] > 0,

0 otherwise.
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for j = 1, . . . ,m (with, as usual, Xj := Xτj and X0 := 1). This yields a matrix

Πj :=





Πj
0,0 · · · Πj

0,dj+1

...
...

Πj
dj−1+1,0 · · · Πj

dj−1+1,dj+1





Hence a row represents the probabilities P[ Xj ∈ dx | Xj−1 = kj−1
u ]. We know

that such a kernel exists, but how can we construct one? Let us formalize the
notion of a stochastic kernel.

Definition 3.7 We call a Matrix Πj = (Πj
u`) with dj−1 + 2 rows and dj + 2

columns a Martingale-kernel at τj ∈ T iff

1. it is positive Πu` ≥ 0,

2. it is a conditional probability Π1j = 1j−1 (all rows sum up to one) and

3. it has the martingale property Πkj = kj−1.

We call such a kernel compatible with µ iff it additionally

4. is a transition kernel for µ, ie Π′µj−1 = µj.

(The initial kernel Π1 is just the transpose of µ1.)

Remark 3.6 The set of compatible Martingale-kernels P is a convex set.

Definition 3.8 (Most expensive martingales) Given Martingale-kernels Π =
(Πj)j=1,...,m, we call the Markov martingale X with X0 := 1 and transition
probabilities

P[ Xj = kj
` | Xj−1 = kj−1

u ] := Πj
u`

the martingale of Π. If Π is compatible with the relative upper pricing measures
µ̄ of a market C, then X is a most expensive martingale.

3.3.1 Construction of a Transition Kernel

Now note that the properties of definition 3.7 are in fact all linear conditions
on each matrix Πj . Indeed, let us fix some j (the notion of which we will omit
in this subsection) and consider the column vector of rows of Πi,

κ :=
(
Π0,0, . . . , Π0,dj+1; Π1,0, . . . , Π1,dj+1; Πdj−1+1,0, . . . , Πdj−1+1,dj+1

)′ (19)

We have κ ∈ RN with N := (dj + 2)(dj−1 + 2). The conditions 2 to 4 of
definition 3.7 can be written as

A κ = x

B κ = y .

17



Here we use the 2(dj−1 + 2)×N -matrix

A :=




1j ′ 0j ′ . . . 0j ′

kj ′ 0j ′ . . . 0j ′

0j ′ 1j ′ 0j ′ . . .
...

0j ′ kj ′ 0j ′ . . .
...

... . . . 0j ′ 1j ′ 0j ′

... . . . 0j ′ kj ′ 0j ′

0j ′ . . . 0j ′ 1j ′

0j ′ . . . 0j ′ kj ′




x :=




1
kj−1
0

1
kj−1
1
...
...
1

kj−1
dj−1+1




and the (dj + 2)×N matrix

B :=




vj−1
0 0 0 . . . 0 vj−1

1 0 . . . 0
0 vj−1

0 0 . . . 0 0 vj−1
1 0 . . . 0

. . . . . .
. . .

0 . . . 0 vj−1
0 0 . . . 0 vj−1

dj−1+1




y :=




µj
0
...

µj
dj+1




Hence, define the [(dj + 2) + 2(dj−1 + 2)]×N -matrix

M1 :=
(

A
B

)
and z1 :=

(
x
y

)
(20)

Now note that while the conditions encoded in M1κ = x1 admit at least one
positive solution, they are not linearly independent. This is due to the fact that
both µj and µj−1 are probability measures and that both have unit expectation:

Since they are probability measures, we have

1j ′µj = 1j−1′µ−1 = 1 (21)

Now µj is given as
µj = y = Bκ

hence, say, vj−1
dj−1+1 can be expressed as a linear combination of vj−1

u for u =
0, . . . , dj−1 + 1.

The unit expectation of µj and µj−1 on the other hand means

kj ′µj = kj−1′µ−1 = 1

so we can express for example vj−1
dj−1

in terms of the other variables.
Consequently, we can reduce the system (20) to

Mκ = z

by removing the last two rows of (M1|z1).
This yields
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Conclusion 3.1 To find martingale kernels Π which are compatible with µ, we
have to solve the linear programming “feasibility” problems

{
M jκ = zj

κ ≥ 0
(22)

for M j ∈ RDj×Nj

with Dj := (dj + 2) + 2(dj−1 + 2) − 2 and N j := (dj +
2)(dj−1 + 2) as above.

This result is quite promising since linear programming problems can be solved
efficiently and are well-studied. Given that the matrices M j are very sparse,
the solution of the LP problem above is usually solvable in reasonable time.

Remark 3.7 For practical implementation, the matrices M j can be further re-
duced by exploiting the following facts

1. For all states kj
` with µj

` = 0 (ie states which have no mass in τj), the
column (Kj

u`)u=0,...,dj−1+1 can be ignored.

2. Equally, if µj−1
u = 0, then the entire uth row can be omitted.

3. The states 0 and k∗ are absorbing and the respective rows are therefore
trivial.

It also also possible to limit the range of the conditional probabilities by imposing
additional conditions. However, it is not clear to us yet how this can be achieved
while ensuring that a solution to the new problem still exists.

3.4 Incorporating Weak Information

The previous section has shown how we can construct a “most expensive” finite-
state martingale if we are given a strictly arbitrage-free market. However, the
mere fact that usually Dj ¿ N j means that the system (22) has many solutions.
Indeed, remark 3.6 shows that the set of solutions will be convex, hence as soon
as there are just two possible solutions to (22), there will immediately be an
infinite number of additional possibilities.

Also observe that most algorithms which solve linear-programming problems
(see, for example Fang et al [7]) will usually find extremal solutions.

Now, the various kernels Π which satisfy (22) differ in the way they evaluate
non-European functionals (while they agree for all European options). We can
therefore chose to impose further constraints to identify a particular kernel of
interest.

Remark 3.8 Note that the problem here is in fact similar to a classical problem
of pricing in an incomplete market, but under constraints. In fact, we ask to
identify one pricing measure out of a set of martingale measures.

The difference is that the various measures here do not need to be equivalent
to each other.
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3.4.1 Mean-Variance Pricing

One way to identify a unique solution to (22) is to impose an additional op-
timality criterion. In principle, this could be some conditional mean-variance
criterion:

The martingale property yields Πjkj = ki
j−1 for each conditional expecta-

tion. The conditional variance of the martingale of Π is therefore

ςj
i := E

[
X2

j − E
[
Xj

∣∣ Xj−1 = kj−1
i

]2 ∣∣ Xj−1 = kj−1
i

]
.

We can write this as
ςj
i = Πj kjIjkj − (

ki
j−1

)2

where I denotes the dj×dj unity matrix. This is a linear equation in Π. Hence,
it is possible to minimize the variance over problem (22).

Other possibilities are possible. We want, however, concentrate on what we
term “weak information”.

3.4.2 Weak Information

Let us fix some maturity τj . Assume that for this maturity, we have some “weak
information”: Approximate prices of options on Xj and Xj−1. For example
prices which are probably correct or for which we have a good estimate (for
example, over-the-counter products which are not liquidly traded and with high
spreads). Let F j = { f j

i ; i = 1, . . . , zj } be some functions

f j
i (xj , xj−1) .

For example, these could be some “forward start calls”

f j
i (xj , xj−1) :=

(
xj

xj−1
− hi

)+

1xj−1>0

with strikes h ∈ {h1, . . . , hzj}. The price of such a function f under given pricing
kernels Π = (Πj)j=1,...,n compatible with some measures µ = (µj)j=1,...,n is then
given as

dj−1+1∑
u=0

µj−1
u

dj+1∑

`=0

Πj
u` fu` .

where we used f j
u` := f(kj

` , k
j−1
u ). Let φu` := µj−1

u f j
u`, then we can write the

above equation in matrix notation conveniently as

µj−1′Πj f j
u` = Πj ′

(
µj−1 f j

u`

)
= Πj ′φf .

Considering both Πj ≡ κj and φf ≡ ϕf as vectors, we see that the price of
f under Π is given as

πj(f) = ϕ′fκj ,
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which is once more just a linear equation in terms of κj . Hence, a set Fj of
functions f for each maturity τj (j > 1) yields, for each j, an equation of the
type

V jκj = πj .

Now assume we have “weak information” in the form of some estimated market
prices π̃j . Then, we can formulate

Conclusion 3.2 The weakly constrained expensive martingale kernels Πj are
given as the solutions to the optimization problems





minimize ||V jκj − π̃j ||
such that M jκ = zj

κ ≥ 0

(23)

for M j ∈ RDj×Nj

and V j ∈ RRj×Nj

where Rj is the number of “weak infor-
mation prices” at τj.

Solutions to (23) can be found with straight-forward linear programming in
case ||x|| := ||x||∞ or ||x|| := ||x||1. In the more natural case ||x|| := ||x||2, we
obtain a constrained linear least-squares programming problem, which can also
be solved efficiently, see for example Fang et al [7]. The choice of a norm (which
we could also equip with some additional weighting) indicates how we see our
“weak information”.

4 Applications

In this section, we assume that we are given a set of marginal distributions
µ = (µj)j=1,...,n with compatible transition kernels Π = (Πj)j=1,...,n, ie we have
µj−1Πj = µj . We denote by K∗∗j := { k ∈ K̄j : µj [k] > 0 } the set of states at
τ j which have a non-trivial probability.

Given these data, we can construct a canonical martingale X on the following
probability space: Let Ωj := {1} × K∗∗1 × · · · K∗∗n and Ω := Ωn. The associated
filtration is given by the power sets Fj := P(Ωn), the martingale X is the
coordinate process and the measure P is defined by

EP [ F (X1, . . . , Xn) ] :=
dj∑

`1=0

µ1
`1

d2∑

`2=0

Π2
`1,`2 · · ·

dn∑

`n=0

Πn
`d−1,`d

F (k1
`1 , . . . , k

n
`n

)

for bounded F .

4.1 Pricing

We now discuss how to price various options in this setup. We will consider
both path-dependent and American style payoffs.
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4.1.1 Path-dependent Payoffs

Clearly, European style options with payoffs

H(Xj)

can be priced using the simple formula

π(H) :=
dj+1∑

`=0

µj
` H(kj

` )

If we write h = (h0, . . . , hdj+1)′ with h` := H(kj
` ), we can write

π(H) = h′µj .

Now consider a payoff
H(X1, . . . , Xn) ,

for which we find the price

π(H) =
d1+1∑

`1=0

µ1
`1

d2+1∑

`2=0

Π2
`1`2 . . .

dn+1∑

`n=0

Πn
`n−1`n

H(k1
`1 , k

2
`2 , . . . , k

d
`d

) (24)

This can be computed by recursion.
This computation is growing polynomial: If we assume that dj ≡ d is con-

stant, then the above formulation involves dn multiplications. If d is very large,
we can approximate the price also by using a discrete-state Monte-Carlo method.
This is very efficient since drawing samples from a discrete distribution is quick
and since the prices of European options can be used as control variates (for
details on the use of control variates, see Glassermann [9]).

4.1.2 American options

To price simple American or Bermudan options with payoffs of the form

sup σH(Xσ)

(where σ is a stopping time bounded by τd), we can employ the following algo-
rithm:

1. Define the vector fn
i := H(kn

i ) for i = 0, . . . , dn + 1.

2. For all j = n− 1, . . . , 0 compute the continuation value

cj := Πj+1f j+1

and define the new value vector

f j
i := H(kj

i ) ∨ cj
i i = 0, . . . , dj + 1 .
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3. The price is the scalar π(H) := f0
0 .

This application compute the snell’sche envelope for the pricing of H. See [8]
chapter II.6 for details of the pricing of American options on discrete time steps.

Note that the effort to execute this program grows linearly in the number of
maturities (if the number of strikes per maturity remains the same). There is
one matrix multiplication involved per additional maturity.

4.1.3 Exotic American Options

The above pricing rule can be combined with the path-dependent pricing to
allow for “Exotic” American payoffs. We call American options “exotic” if the
exercise decision at time τ j can depend on values of X in the past.

We see that the algorithm which computes the value of a path-dependent
payoff using (24) recursively can simply also impose an additional optimality
criterion at each step.

4.2 Relation to Other Models

The “most expensive martingale approach” presented here is closest related
to Derman/Kani’s Implied Tress [5]. Indeed, if we assume that all call prices
are given, and if we define the sets Kj as being the nodes of the tree at time
τj , then our model will yield the same pricing kernel as the implied tree by
Derman/Kani.

In this sense, the “expensive martingales” here are a generalization of the tree
idea. Our approach has the advantage that no call prices must be interpolated,
if we have a sufficiently liquid market.

4.3 Related work and future research

In a recent paper, Härdle et al [10] have use a similar construction of our “Upper
Pricing Measure” to investigate the statistics of the state price density implied
from option prices.

Such investigation are crucial to assess whether the pricing scheme proposed
here is suitable for indicative pricing, and it may well be developed further in
direction of a “market model”, which incorporates the dynamics found from
such statistical observations into the expensive martingales here (so in a sense,
we would obtain a randomized probability measure).

In another direction, it would be interesting to try to transfer the result
obtained here to the continuous state case. In fact, we can see the development
of discrete state kernels Π as a special case of writing Π in terms of some tensor
basis over R+

0 × R+
0 .

Indeed, here we developed the kernel in terms of the basis given by the
discretization

ej
`(y) := δkj

`
(y) .
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Then we wrote (seing Π as a function Π : R+
0 × R+

0 → [0, 1])

Πj(x, y) =
∑

u=0,...,dj−1+1,`=0,...,dj+1

Πj
u`e

j−1
u (x) ej

`(y)

such that inductively

E
[
F (Xj−1, Xj)

∣∣ Xj−1

]
:=

∫ ∞

0

Πj(Xj−1, dxj) F (Xj−1, xj) .

It is now natural to ask whether a similar approach can be performed with
continuous bases (ej)j=1,...,n and also non-tensor bases on R+

0 × R+
0 .
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[10] W.Härdle, Z.Hlávka:
“Dynamics of State Price Densities”, WP.

[11] S. Heston:
“A closed-form solution for options with stochastic volatility with applica-
tions to bond and currency options”, Review of Financial Studies, 1993.

[12] H.Kellerer:
“Markov-Komposition und eine Anwendung auf Martingale”, Math. Ann
198 (1072), 217-229

[13] W.Klopf, D.Tavella:
“Implying Local Volatility”, Wilmott, August 2001

[14] M.Overhaus, A.Ferraris, T.Knudsen, R.Milward, L.Nguyen-Ngoc,
G.Schindlmayr:
Equity Derivatives. Wiley, 2001

25


