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Risk Management with Infinite Dimensional SDEs

Mission

ÂWe want to use historic market data of variance swaps to estimate the vol 
of vol parameters of variance swap curve models.

ÁSuch models diffuse curves u which are elements of an infinite dimensional 
Hilbert space using an equation of the form

ÁIn contrast to earlier paper, we are not aiming at calibration from European 
option data, but on historic information.

ÁWe test an approach presented by Ortega, Pullirsch, Teichmann, Wergielukin
άA new approach to scenario generation in Risk managementέ όнллфύ

This is presentation is based on joint work with Josef Teichmann.
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Risk Management with Infinite Dimensional SDEs

ÂVariance Swaps

ÂVariance Swap Curve Models

ÂSimulation of Infinite Dimensional SDEs

ÂExperiments with SPX
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Background

Variance Swaps



Variance Swaps
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Variance Swaps

Realized Variance

ÂLet S be a stock price process.

ÂRealized variance between T1 and T2 is defined as.

with business days T1 = t0 < ... < tn = T2. 

ÂRealized volatility is defined as
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Variance Swaps

Variance Swaps

ÂAccordingly, a variance swap on Sbetween T1 and T2 pays (essentially) the 
realized variance RV(T1,T2) to the holder.

ÂUnder a pricing measure that means that at some t its price is given as the 
άŜȄǇŜŎǘŜŘ ǾŀǊƛŀƴŎŜέ

(where we ignore discounting).

Â Its price usually quoted in terms of its annualized volatility, i.e.
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Expected variance trails 
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same period as the 

Lehman event is not 

anticipated.
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Variance Swaps

Musiela-Parameterization

ÂAt any given point in time t, we can look at maturities T=t+x for various 
άǘƛƳŜ-to-ƳŀǘǳǊƛǘƛŜǎέ x.

ÂThis is called the Musiela-Parameterization.

Â It provides us with a daily graph for variance swap volatilities
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Variance Swaps

Variance Swap term structure
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Variance Swaps

Variance Swaps term structures
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Variance Swaps
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Variance Swaps

Variance Swaps term structures

0%

10%

20%

30%

40%

50%

60%

70%

80%

90%

1W 2W 1M 2M 3M 6M 9M 1Y 2Y 3Y 4Y 5Y 7Y 10Y

V
o

la
ti
lit

y

Variance Swap Volatility Term Structures since the peak

27-Oct-08

18-Nov-08

10-Dec-08

07-Jan-09

03-Feb-09

25-Feb-09

18-Mar-09

08-Apr-09

30-Apr-09

Short end relaxed 

since the peak, but 

it is still far from 

pre-crisis 10% 

levels,.

)(
1

:);Ĕ
swapvar xU

x
xt t=(s

13



Variance Swaps
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Variance Swaps
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Variance Swap Curves

Variance Swaps - background

ÂVariance swaps represent the risk-ƴŜǳǘǊŀƭ άŜȄǇŜŎǘŜŘ ǾŀǊƛŀƴŎŜέ

ÂThey are a key tool to trade variance 

ÂLiquid markets for major indices

ÂTerm structure of variance swaps is quoted daily
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Theoretical Framework

Variance Swap Curves



Variance Swap Curves

ÂRealized Variance vs. Quadratic Variation

ÁNote that for any semi-martingale S, realized variance is an unbiased estimator 
of quadratic variation, i.e.

ÁThis means we can consider the term structure of variance swaps as an 
άŜȄǇŜŎǘŜŘέ ƭŜǾŜƭ ƻŦ ǉǳŀŘǊŀǘƛŎ ǾŀǊƛŀǘƛƻƴΦ
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Variance Swap Curves

ÁVariance swap

ÁVariance swap in time-to-maturity notation

ÁForward variance 

ÁForward variance in time-to-maturity notation
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Variance Swap Curves

ÂAssumeS is given as a diffusion

with instantaneous variancexwhich itself is a random process.

ÁHence

Áand
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Variance Swap Curves

Reminder: HJM Interest Rate Models

ÂNote that for standard interest rate models with short rate r, the price of a 
discount bond in Musiela-Parameterization is given as

with forward rate

which satisfies

ùú

ø
éê

è
ö
÷
õæ

ç
å-= ñ

+xt

t
stt dsrxP expE:)(

(x)P
x

(x):f tt log
µ

µ
-=

[ ]xt

xt

tt r(x)f +

+=E

Expectation 
under the t+x

forward measure.

21



Variance Swap Curves

HJM Interest Rate Models

Â In classic HJM models, we start by defining the dynamics of f().

Â¢ƘŜ άIWa ŘǊƛŦǘ ŎƻƴŘƛǘƛƻƴέ ƎǳŀǊŀƴǘŜŜǎ ŀōǎŜƴŎŜ ƻŦ ŀǊōƛǘǊŀƎŜΦ

We are going to apply the same method to variance swaps

ÂAssume we have a driving d-dimensional extremal Brownian motion Won 
a probability space (W,P,F).
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Variance Swap Curves

Variance Swaps Curves

ÂLet u=(u(x))x²0 be a family of non-negative processes with dynamic 
representation

for suitable aand b, cf. Buehler (2006) for details on this and the following.

Question

ÂWhen is it possible to define such a family as a term structure of forward 
variance swaps together with a corresponding stock price process ?

ĄHJM condition for variance swaps
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Note that this is an 
integral equation, not

a differential 
equation
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