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Risk Management with Infinite Dimensional SDEs

Mission

ÂWe want to use historic market data of variance swaps to estimate the vol 
of vol parameters of variance swap curve models.

ÁSuch models diffuse curves u which are elements of an infinite dimensional 
Hilbert space using an equation of the form

ÁIn contrast to earlier paper, we are not aiming at calibration from European 
option data, but on historic information.

ÁWe test an approach presented by Ortega, Pullirsch, Teichmann, Wergielukin
άA new approach to scenario generation in Risk managementέ όнллфύ

This is presentation is based on joint work with Josef Teichmann.
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Risk Management with Infinite Dimensional SDEs

ÂVariance Swaps

ÂVariance Swap Curve Models

ÂSimulation of Infinite Dimensional SDEs

ÂExperiments with SPX
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Background

Variance Swaps



Variance Swaps
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Variance Swaps

Realized Variance

ÂLet S be a stock price process.

ÂRealized variance between T1 and T2 is defined as.

with business days T1 = t0 < ... < tn = T2. 

ÂRealized volatility is defined as
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Variance Swaps

Variance Swaps

ÂAccordingly, a variance swap on Sbetween T1 and T2 pays (essentially) the 
realized variance RV(T1,T2) to the holder.

ÂUnder a pricing measure that means that at some t its price is given as the 
άŜȄǇŜŎǘŜŘ ǾŀǊƛŀƴŎŜέ

(where we ignore discounting).

Â Its price usually quoted in terms of its annualized volatility, i.e.
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Variance Swaps

Musiela-Parameterization

ÂAt any given point in time t, we can look at maturities T=t+x for various 
άǘƛƳŜ-to-ƳŀǘǳǊƛǘƛŜǎέ x.

ÂThis is called the Musiela-Parameterization.

Â It provides us with a daily graph for variance swap volatilities
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Variance Swaps

Variance Swap term structure
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Variance Swaps

Variance Swaps term structures
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Variance Swaps
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Variance Swaps

Variance Swaps term structures
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Variance Swaps
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Variance Swaps
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Variance Swap Curves

Variance Swaps - background

ÂVariance swaps represent the risk-ƴŜǳǘǊŀƭ άŜȄǇŜŎǘŜŘ ǾŀǊƛŀƴŎŜέ

ÂThey are a key tool to trade variance 

ÂLiquid markets for major indices

ÂTerm structure of variance swaps is quoted daily
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Theoretical Framework

Variance Swap Curves



Variance Swap Curves

ÂRealized Variance vs. Quadratic Variation

ÁNote that for any semi-martingale S, realized variance is an unbiased estimator 
of quadratic variation, i.e.

ÁThis means we can consider the term structure of variance swaps as an 
άŜȄǇŜŎǘŜŘέ ƭŜǾŜƭ ƻŦ ǉǳŀŘǊŀǘƛŎ ǾŀǊƛŀǘƛƻƴΦ
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Variance Swap Curves

ÁVariance swap

ÁVariance swap in time-to-maturity notation

ÁForward variance 

ÁForward variance in time-to-maturity notation
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Variance Swap Curves

ÂAssumeS is given as a diffusion

with instantaneous variancexwhich itself is a random process.

ÁHence

Áand
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Variance Swap Curves

Reminder: HJM Interest Rate Models

ÂNote that for standard interest rate models with short rate r, the price of a 
discount bond in Musiela-Parameterization is given as

with forward rate

which satisfies
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Variance Swap Curves

HJM Interest Rate Models

Â In classic HJM models, we start by defining the dynamics of f().

Â¢ƘŜ άIWa ŘǊƛŦǘ ŎƻƴŘƛǘƛƻƴέ ƎǳŀǊŀƴǘŜŜǎ ŀōǎŜƴŎŜ ƻŦ ŀǊōƛǘǊŀƎŜΦ

We are going to apply the same method to variance swaps

ÂAssume we have a driving d-dimensional extremal Brownian motion Won 
a probability space (W,P,F).
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Variance Swap Curves

Variance Swaps Curves

ÂLet u=(u(x))x²0 be a family of non-negative processes with dynamic 
representation

for suitable aand b, cf. Buehler (2006) for details on this and the following.

Question

ÂWhen is it possible to define such a family as a term structure of forward 
variance swaps together with a corresponding stock price process ?

ĄHJM condition for variance swaps
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Variance Swap Curves

Definition (Variance Swap Curve)

ÂA family u=(u(x))x²0 of  is called a [local] variance curve model if

1. Each u(x) is non-negative.

2. For each x>0, the initial variance swap prices are finite, i.e.

3. ¢ƘŜ ǇǊƻŎŜǎǎ ǎŀǘƛǎŦƛŜǎ ǘƘŜ άIWa ŎƻƴŘƛǘƛƻƴ ŦƻǊ ǾŀǊƛŀƴŎŜ ǎǿŀǇǎέΣ

4. The curve t­ ut(0) is left-continuous.
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Variance Swap Curves

Properties  (Variance Swap Curve)

ÁThe forward variances vt (T) :=ut(T-x) and the variance swaps V(T) themselves 
are non-negative local martingales.

ÁThe process xt:= ut(0) is a well defined, integrable and non-negative.

ÁGiven anystandard Brownian motion B on (W,P,F), the process

is a square-integrable martingale, so the via B associated stock price

is a local martingale.

ÁB represents the correlation structure of Swith x.
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Variance Swap Curves

Theorem (Variance Swap Curve)

Â If u is a variance curve model, and B any Brownian motion, and if Sis the 
associated stock price as defined on the previous slide, then the market 
with the tradable instruments (S,V(T))T is free of arbitrage.

ÂWe can write the system as

î
î
î

í

î
î
î

ì

ë

=

+-=

+
µ

µ
=

ä

ä

=

=

tt

d

j

j

t

j

tttt

d

j

j

t

j

ttt

XSS

dWudtudX

dWxdtxu
x

xdu

exp

)0()0(
2

1

)()()(

0

1

1

r

b

This is an integral 
equation, not a 

differential equation

26



Variance Swap Curves

General predictable integrands b - challenges

ÂVery difficult to ensure that u remains non-negative.

ÂMarkov-property

ÂHow do you choose?

Two options

ÂLow-dimensional parameterization Ą consistent variance curve models

ÂThe entire curve u is the state Ą SDE in infinite dimensions

27



Consistency

Variance Swap Curves



Variance Swap Curves

Consistency

ÂThe idea is to write

ÁThe function G has to be non-negative, C2,1 and suitably integrable.

ÁZ is a low-dimensional Markov-process defined on some open state space D

which satisfies

ÁSince all variance swaps are given as functions of Z, this formulation allows the 
coefficients access to the entire term structure.
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Variance Swap Curves

Theorem (Consistency)

Â If the unique strong solution for Z satisfies the consistency condition

for all starting points u0 = G(Z0; ·), then u(x):=G(Zt;x) is a variance curve 
model.
We call the pair (G,Z)a consistent variance curve model.

ÂUsing a Markovian correlation structure for S then guarantees that the 
process (S,Z)is Markov:

Buehler (2006)
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Variance Swap Curves

Consistency 

ÂThe point about 

is that given a function G, it imposes conditions on the diffusion 
parameters of Z.
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Variance Swap Curves

Consistency

ÂFor example: the positive parameter process Z=(Z1,...,Z5)ŦƻǊ ά5ƻǳōƭŜ 
IŜǎǘƻƴέ ώмϐ

has to have the form

with Z4 and Z5 constant.
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Variance Swap Curves
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Variance Swap Curves

Consistency & Perfect Fit

ÂSuch models can also perfectlyfit by superimposing an observed term 
structure of variance swaps:

By construction
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Variance Swap Curves

Consistency

ÂConsistent Variance Curve Models are low-parameter representations of 
ǘƘŜ ƻǊƛƎƛƴŀƭ άŎǳǊǾŜέΦ

Á!ƭƭ ŜƭŜƳŜƴǘǎ ƻŦ ǘƘŜ άŎǳǊǾŜέ ōŜƭƻƴƎ ǘƻ ŀ ƭƻǿ ǇŀǊŀƳŜǘŜǊƛȊŜŘ ǎǇŀŎŜ

ÁThe function G is used to interpolate the observed market prices

Á! ǿŀȅ ƻŦ ǿǊƛǘƛƴƎ άǎǘƻŎƘŀǎǘƛŎ Ǿƻƭŀǘƛƭƛǘȅέ ƳƻŘŜƭǎ

ÁInitial perfect fit by scaling

Challenges

ÁOnly very few consistent shapes (Heston, Log-Normal)

ÁHow many factors shall I choose?

ÁHow do I calibrate the volatility term structure ςor estimate it?
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Variance Swap Curves
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Infinite Dimensional Variance Curves



Infinite Dimensional Variance Swap Curves

Infinite-dimensional SDEs

Â Model the entire curve u as a SDE with values in a Hilbert space H.

Â We therefore consider on H a non-negative, mild solution to

where the coefficients bare smooth locally Lipschitz vector fieldson H.

Â For a given x, this equation means
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Infinite Dimensional Variance Swap Curves

Infinite-dimensional SDEs

Â We follow the path laid for interest rates by Bjoerk/Christensen (1999), 
Filipovic(2000), Filipovic/Teichmann (2004) and Teichmann (2005).
Ą The aim is to apply Ortega/Pullirsch/Teichmann/Wergieluk (2009)

Â For a reference see Stochastic equations in infinite dimensions DaPrato/ 
Zabczyk(1992).
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Infinite Dimensional Variance Swap Curves

Theorem  (HJM conditions for infinite dimensional Variance Curve Models)

Â If a non-negative uÍDom(µ/µx) satisfies

then the market given by an associated stock price

and its variance swaps is free of arbitrage.

We then call u a variance curve model(in H).
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Infinite Dimensional Variance Swap Curves

Positivity and Finite Dimensional Representation

Â In Stratonovic-notation we have

with equivalent Stratonovic drift
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Infinite Dimensional Variance Swap Curves

Theorem  (Positivity and Finite Dimensional Representation)

Â A sub-manifold G(D) is locally invariant for u iff

1. We have G(D)Ëdom(µx),

2. In the interior of G(D), we have

3. On the boundary µG(D), 

holds. 
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Statistical Auto-Calibration

Experiments with Infinite Dimensional Variance Curves



Infinite Dimensional Variance Swap Curves

Infinite-dimensional SDEs

Â To avoid issues with non-negativity, we write

for the log-variance process y in H.

Â To ensure that u is a variance curve model, y has to satisfy
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Infinite Dimensional Variance Swap Curves

Infinite-dimensional SDEs

Â This gives us the target system

where y0(x) = log u0(x) is given via the initially observed market variance 
curve.
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Infinite Dimensional Variance Swap Curves

Given

Â We are given a model (*).

Â We have historic time-series of stock prices
and variance swaps

Problem

Â We are looking for the covariance 
structure which fits best the observed
historical market prices
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Infinite Dimensional Variance Swap Curves

General Setup

Â Assume that Ysolves the SDE with a special volatility structure:

Â Recall that this formulation really means, when seen as a function of x,

Â IŜƴŎŜΣ ǘƘŜ Ǿƻƭŀǘƛƭƛǘȅ ǎǘǊǳŎǘǳǊŜ ƛǎ άŘƛǊŜŎǘƛƻƴŀƭέ ǿƛǘƘ άŦŀŎǘƻǊ ƭƻŀŘƛƴƎǎέ l.
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Infinite Dimensional Variance Swap Curves

General Setup

Â Assume that dt=T/K and that we are given equidistant samples

Â For each K, choose a K-dimensional standard Brownian motion 
B=(B1,...,BK) potentially by extending the probability space.

Â Define
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Infinite Dimensional Variance Swap Curves

Theorem (Ortega, Pullirsch, Teichmann, Wergieluk 2009)

Â The processes

converge in distribution for dt®0 towards Y:
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Variance Swap Curves

Sketch of proof

Â Basically, a statement of convergence of Gaussians in a Hilbert space
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Infinite Dimensional Variance Swap Curves

Statistical Auto-Calibration of Infinite Dimensional Variance Curve Models

Â Particular result of the previous statement

Â This implies that a potential approach to simulate Y is as follows
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Infinite Dimensional Variance Swap Curves

Statistical Auto-Calibration of Infinite Dimensional Variance Curve Models

Â Relationship to PCA

Á The corresponding PCA approach to this problem is as follows

Á We can now apply PCA and extract the main driving factors, i.e. write

Á The point is that this would require sampling of the covariance matrix of the 
returns ςa step which is integrated in the approach discussed here
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Implementation

Infinite Dimensional Variance Curves



Infinite Dimensional Variance Swap Curves

Statistical Auto-Calibration of Infinite Dimensional Variance Curve Models

Â Applied to variance curve models our approach this means first to reduce 
the volatility structure of our process to Sj(y)(x):=s(y)(x) lj (x) with 
directional volatilities land general shift s.

Â This gives
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Infinite Dimensional Variance Swap Curves

Statistical Auto-Calibration of Infinite Dimensional Variance Curve Models

Â Using the areforementioned theorem we get the system

with statistical factors
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Experiments with Infinite Dimensional Variance Swap Curves

Experiment #1: Analytic model sample term structures vs. historical model

Â Calibrate against an analytic Ornstein-Uhlenbeck model
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Spot 1 0 0

X1 -0.7 0.714143 0

X2 -0.6 -0.4 0.69282

X3 0.2 -0.3 0.932738

Vol MR

X1 200.00% 300.00%

X2 50.00% 100.00%

X3 5.00% 10.00%
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Experiments with Infinite Dimensional Variance Swap Curves

Analytic model sample term structures vs. historical model
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Experiments with Infinite Dimensional Variance Swap Curves

Analytic model sample term structures vs. historical model
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Experiments with Infinite Dimensional Variance Swap Curves

Analytic model sample term structures vs. historical model
Analytic model

-25% -20% -15% -10% -5% 0% 5% 10% 15% 20% 25%
Spot 0.000200 0.000800 0.002600 0.016000 0.171800 0.625000 0.164600 0.016200 0.002000 0.000800 0.000000
1W 0.000200 0.002000 0.023400 0.094800 0.225600 0.300800 0.227000 0.099800 0.023000 0.003200 0.000200
2W 0.000200 0.001800 0.020000 0.093200 0.227000 0.308800 0.228000 0.098800 0.019200 0.002800 0.000200
1M 0.000000 0.001200 0.014200 0.085800 0.233400 0.324600 0.232600 0.091200 0.015000 0.002000 0.000000
2M 0.000000 0.000400 0.007000 0.066600 0.242400 0.363200 0.239200 0.073200 0.007800 0.000200 0.000000
3M 0.000000 0.000000 0.003400 0.048600 0.245800 0.402600 0.241000 0.054800 0.003800 0.000000 0.000000
6M 0.000000 0.000000 0.000000 0.013400 0.220200 0.528400 0.223400 0.014600 0.000000 0.000000 0.000000
9M 0.000000 0.000000 0.000000 0.002600 0.169600 0.653400 0.171600 0.002800 0.000000 0.000000 0.000000
1Y 0.000000 0.000000 0.000000 0.000200 0.120000 0.755800 0.123800 0.000200 0.000000 0.000000 0.000000
2Y 0.000000 0.000000 0.000000 0.000000 0.018800 0.962000 0.019200 0.000000 0.000000 0.000000 0.000000

Histroic

-25% -20% -15% -10% -5% 0% 5% 10% 15% 20% 25%
Spot 0.00020 0.00020 0.00200 0.01880 0.17000 0.63260 0.16080 0.01420 0.00120 0.00000 0.00000
1W 0.00020 0.00300 0.02540 0.09540 0.22000 0.29280 0.23340 0.09960 0.02740 0.00240 0.00040
2W 0.00020 0.00180 0.02240 0.09300 0.22200 0.30220 0.23900 0.09220 0.02460 0.00220 0.00040
1M 0.00000 0.00140 0.01460 0.08760 0.22720 0.32100 0.24200 0.08560 0.01920 0.00140 0.00000
2M 0.00000 0.00060 0.00640 0.07080 0.23500 0.35960 0.24900 0.06900 0.00920 0.00040 0.00000
3M 0.00000 0.00020 0.00320 0.05240 0.23640 0.39980 0.24820 0.05620 0.00360 0.00000 0.00000
6M 0.00000 0.00000 0.00020 0.01100 0.21500 0.53300 0.22440 0.01640 0.00000 0.00000 0.00000
9M 0.00000 0.00000 0.00000 0.00220 0.16080 0.66020 0.17420 0.00260 0.00000 0.00000 0.00000
1Y 0.00000 0.00000 0.00000 0.00060 0.11140 0.76260 0.12540 0.00000 0.00000 0.00000 0.00000
2Y 0.00000 0.00000 0.00000 0.00000 0.01460 0.96660 0.01880 0.00000 0.00000 0.00000 0.00000
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Experiments with Infinite Dimensional Variance Swap Curves

Experiment #2: basic behaviour

Â Experimental setup

Á Daily stock prices and variance swap data

Á Variance swaps x = 1W, 2W, 1M, 2M, 3M, 4M, 6M, 9M, 1Y, 2Y, 3Y, 5Y, 7Y, 10Y 


