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Risk Management with Infinite Dimensional SDEs

Mission

A We want to use historic market data of variance swaps to estimate the vo
of vol parameters of variance swap curve models.

A Such models diffuse curvesvhich are elements of an infinite dimensional
Hilbert space using an equation of the form

duy :ﬁutdw A, b u)dw

A In contrast to earlier paper, we are not aiming at calibration from European
option data, but on historic information.

A We test an approach presented Byrtega, Pullirsch, TeichmarWwergielukin
GAnew approach to scenario generation in Risk managegen® H 01 n 0

Thisis presentation is based on joint work with Josef Teichmann. “ﬁ



Risk Management with Infinite Dimensional SDEs

A Variance Swaps
A Variance Swap Curve Models
A Simulation of Infinite Dimensional SDEs

A Experiments with SPX



Variance Swaps
Background




Variance Swaps
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Variance Swaps

Realized Variance

A Let S be a stock price process.

A Realized variandeetweenT, andT, is defined as.

o a
RV(T,,T;):=a gog

i=1 g 1
with business day$, = t;<...<t,=T,.

'|'O!OO|2\)

A Realized volatilitys defined as

252 1
reallzed(TliT ) \/ T RV(TliT ) \/ RV(Tl’Tz)
T2 - T1

6 Annualization
factor



Variance Swaps

Variance Swaps

A Accordingly, a variance swap 8betweenT, and T, pays (essentially) the
realized varianc®V(T,,T,) to the holder.

A Under a pricing measure that means that at sarits price is given as the

~ pd Ve ~ e

GSELISOGSR G NAI yOS¢
V,(T,,T,) =E[RV(T,T,)]

(where we ignore discounting).

A Its price usually quoted in terms of its annualized volatility, i.e.

1
varswap(t T1’T ) - \/ﬁ\/t (Tl’TZ)

2 1

7 ﬁ



Variance Swaps

SPX historic realized and expected volatilit
Expected variance trails

120% realized variance for the
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Variance Swaps

Musiela-Parameterization

A At any given point in time we can look at maturities=t+x for various
G 0 MXSI G dzNR G ASacE

U, (%) =V,(t,t+x)

A This is called th&lusielaParameterization

A It provides us with a daily graph for variance swap volatilities

= e |1
‘ﬁarswap(t’ X) a \/;Ut (X)



Variance Swaps

Variance Swap term structure

Variance Swap Volatility Term Structures SPX 30 Mar 2(
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Variance Swaps

£ o602 SV, 0

Variance Swaps term structures

Variance Swap Volatility Terr8tructures SPX
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Variance Swaps
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Variance Swaps term structures

Variance Swap Volatility Term Structures during the cris

90%

y N

70% ams? 7-Aug08

60% a=n(4-Sep08
e 1-Sep08

|
50% : w18-Sep08
40% ams?5-Sep08

Volatility

N\ @=»02-0ct-08
Strong upward
movement of short- = 09-Oct08
term expected
variance during the 20-Oct08

crisis. 27-Oct08
/o

0%

W 2w IM 2M 3M 6M 9M 1Y 2y  3Y



Variance Swaps

Variance Swaps term structures

90%

80%

70%

60%

50%

>
=

E

o

>

Short end relaxed 0

since the peak, but
it is still far from 0
pre-crisis 10%
levels,. o

0%

13

Variance Swap Volatility Term Structures since the pe
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Variance Swaps

Historic SPX Variance Swap Volatilitie
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Variance Swaps
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Historic SPX Variance Swap Term Structui
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Variance Swap Curves

Variance Swapsbackground

~ pd V4 A hod

A Variance swaps represent the rigkS dzii NI f G SELISOG SR ¢

A They are a key tool to trade variance
A Liquid markets for major indices

A Term structure of variance swaps is quoted daily

‘E/arswap(t; X) = \/Eut (X)
X

16 “ﬁ



Variance Swap Curves
Theoretical Framework




Variance Swap Curves

A Realized Variance vs. Quadratic Variation

A Note that for any semimartingaleS, realized variance is an unbiased estimator
of quadratic variation, i.e.

V,(T,T,) =E,[RV(T,, T,)| = E, gﬁf d(log S>tg

A This means we can consider the term structure of variance swaps as an

~ o Ve ~ N7

GSELISOGSRE fSOSt 2F ljdad RN GAO O NA I

~
~

* NB in generakE [F(RV(T,T,)), Et@FéﬂﬁszogS)t%

18 ’E
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Variance Swap Curves

A Variance swap

| T,
V(T T,) = Etgﬁé d<log S>tg

A Variance swap in timé-maturity notation

U (¥) =V (Lt +X)

A Forward variance

_ H
\/ (T) - “—T\/t (T)

This is well
defined as a right
hand derivative
since Vis
increasing.

A Forward variancén time-to-maturity notation

U() == U, (%) =Y, (t+ %)
LIX

19 “ﬁ



Variance Swap Curves

A AssumeSis given as a diffusion
S = exp(Xt ) %<X>t)
dX, = 4zdB

with instantaneous variancgwhich itself is a random process.

A Hence

N +X t+
U,(9) = E, 6 {ir.dsy = Fﬁ X Jds
et U
A and

u(X) = Efx,,]



Variance Swap Curves

Reminder: HIM Interest Rate Models

A Note that for standard interest rate models with short ratethe price of a
discount bond in Musiel®arameterization is given as

. é (o) ~t+X ~
P(X):=E, expéﬁe 1 rsds%
with forward rate
f.(x):= Iog P(x)
UX

which satisfies

f()=E"[r,,]

Expectation

under the t+x
forward measure.
21



Variance Swap Curves

HJIM Interest Rate Models

A In classic HIM models, we startdsfiningthe dynamics of().
ACKS d1l Wa RNATUO O2yRAUGAZYE Tdz NI y

We are going to apply the same method to variance swaps

A Assume we have a drivimgdimensional extremal Brownian motidff on
a probability spac¢w,P,F)



Variance Swap Curves

Variance Swaps Curves

A Letu=(u(x)),., be a family of nomegative processes with dynamic
representation

du[ (X) — a'[J (X)dt + é. j=1,2 ,d b’[J (X)d\/\{J
for suitablea and 6, cf. Buehler (2006) for details or. *his and the following

Note that this is an
integral equationnot

Question a differential

equation

A When is it possible to define such a family as a term ‘c..cee.— —..otward
variance swaps together with a corresponding stock price process ?

A HJIM condition for variance swaps

23 ’E



Variance Swap Curves

Definition (Variance Swap Curve)
A A familyu=(u(x)),., of is called a [localjariance curve mods
1. Eachu(x)is nonnegative.

2. For eachx>0, the initial variance swap prices are finite, i.e.

Up(X) = Up(S)ds <
3. ¢KS LINPOS&aa alagAraftTiaisa G4KS a4l Wa
_HM .t | |
du[(x) - &ut (X)dt+ a. j=12 .d btj (X)dWJ

4. The curvd- u/(0)is leftcontinuous.



Variance Swap Curves

Properties (Variance Swap Curve)

A The forward varianceg (T) :=u,(T-x) and the variance swap&(T) themselves
are nonnegative local martingales.

A The process;:=u,(0) is a well defined, integrable and naregative.

A Givenanystandard Brownian motioB on (W,P,F) the process
dx, =,/z,dB
IS a squarantegrable martingale, so the viiassociated stock price
S = exp(Xt ) %<X>t)

is a local martingale.

A Brepresents the correlation structure &with x.

25 “ﬁ
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Variance Swap Curves

Theorem (Variance Swap Curve)

A If uis avariance curve modeandB any Brownian motion, and 8is the
associated stock price as defined on the previous slide, then the market
with the tradable instrument$S,V(T))} is free of arbitrage.

This is an integral

A We can write the system as equation ot a

differential equation

: d
Sy (x) = ﬁu&x)dwa b (X)W’
i=1
d
dX, = -%ut(O)dth/ut(O)é. ridw)
i=1

N
I

S exp X,
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Variance Swap Curves

General predictable integrandé - challenges
A Very difficult to ensure thati remains nosnegative.
A Markowproperty

A How do you choose?

Two options

A Lowdimensional parameterizatioA consistent variance curve models

A The entire curve u is the stafg SDE in infinite dimensions



Variance Swap Curves
Consistency




Variance Swap Curves

Consistency

A The idea is to write
U, (X) :=G(Z;;X)

A The functionG has to be nomegative,C?!and suitably integrable.

A Zis a lowdimensional Markoyprocess defined on some open state spéce
which satisfies

dz = mz)dt+3 _, ,5'(Z)dw’

A Since all variance swaps are given as functions of Z, this formulation allows the
coefficients access to the entire term structure.

29 ’E



Variance Swap Curves

Theorem (Consistency)

A If the unique strong solution faf satisfies the consistency condition

1G(ZX) = M2,z X) +55 s (2 HEG(Z )

for all starting pointsl, = G(Z,; -), then u(x):=G(Z;X) is a variance curve
model.

We call the paif{G,Z)a consistent variance curve model

A Using a Markovian correlation structure fthen guarantees that the
procesyS,2)is Markov:

ds=4 _, 57 (s: 260w}

Buehler (2006) ’ﬁ
30




Variance Swap Curves

Consistency

A The point about
1Lz ) = MDIG(EX) +5 s (I KBEX

IS thatgiven a functiorG, it imposes conditions on the diffusion
parameters ofZ.

31



Variance Swap Curves L
WGz X) = M2H,G(zX) +75'5 (2 1.5(Z %)
Consistency

A For example: the positive parameter proc&gZ2,...,.2) F 2 NJ & 5 2 dzo
| Sai2yé¢ wmb6

G(zX)=2,+(z- 2)€™ +(2,- 23)2?—425(9'2“- e )
4

has to have the form
dz! = k(Z7- Z})dt+s,(Z,)dW
dZ’ = c(Z?- Z7)dt+s,(Z,)dW
dZ’ = s,(Z)dW

with Z4 and Z5 constant. To see that note that

1. Only the second derivatives w.r.t. to z,
and z; contain linear terms in x?, hence

their volatility terms must be zero
2. The same logic applies to the first
32 derivatives



Variance Swap Curves CEN =2+ 2)e " +(z,- 2) (6™~ & *)

Consistency

fiDoubl e Hes

30 7

Simulated dynamics using
tono

Wi

0 1 2 3 4 5 6
33 @ F|oating 3m =S Todgy @===]y e=mm)y om—m3y "5y




Variance Swap Curves

G(zX)=2,+(z,- 2)e“ +(2,- 23)%0(6'“- ")

Consistency

34

VarianceSwap Volatilities
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Variance Swap Curves

Consistency & Perfect Fit

A Such models can algerfectlyfit by superimposing an observed term
structure of variance swaps:

fitted (X) .— l'“lmarket(t + X)

u I+ X
ut market( ) G( .

U, (X) = Z;;X)

CEplu ()] G(Zy;t +X)

By construction

EO \.utﬁtted (X)] = umarket(t + X)

This trick can be applied to
any variance curve or
stochastic volatility model



Variance Swap Curves

Consistency

A Consistent Variance Curve Models are-jmavameter representations of
0KS 2NAIAYIE aOdzNBSE o

Al £t StSYSyida 2F GKS aOdz2NBS¢ o6Sft2y3
A The function G is used to interpolate the observed market prices

Al gl é& 2F oNAOGAY3T Gad20KFaadAO @2t aA
A Initial perfect fit by scaling

Challenges
A Only very few consistent shapes (Heston,-Nagmal)
A How many factors shall | choose?

A How do | calibrate the volatility term structureor estimate it? ’ﬁ
36



Variance Swap Curves

37

Historic SPX Variance Swap Term Structui
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Infinite Dimensional Variance Curves
Definition




Infinite Dimensional Variance Swap Curves

Infinite-dimensional SDEs
A Model the entire curval as a SDE with values in a Hilbert spidce

~

A We therefore consider okl a nonnegative, mild solution to

_ (L J J
dut - a(ut)dt+ a j=12 .d b (Ut)dV\{
where the coefficient® are smooth locally Lipschitz vector fielnsH.

b is a function

A For a giver, this equation means
map.

du () =a(u)(dt+a _, , b U))dW!



|
Infinite Dimensional Variance Swap Curves

Infinite-dimensional SDES

A We follow the path laid for interest rates BjoerKChristensen (1999),
Filipovic(2000),FilipoviéTeichmann (2004) and Teichmann (2005).
A The aim is to appl@rtega/Pullirsch/Teichmann/Wergieluk (2009)

A For a reference seStochastic equations in infinite dimensidePratd
ZabczyK1992).




Infinite Dimensional Variance Swap Curves

Theorem (HJM conditions for infinite dimensional Variance Curve Models)

A If a nonnegativeul Dom( px) satisfies

duy =§utdt+ A, b )W

then the market given by an associated stock price
d

- U (Odt+ & 0w
j=1
3 = SexpX

and its variance swaps is free of arbitrage.

dX,

We then callb avariance curve mod€in H).



Infinite Dimensional Variance Swap Curves

Positivity and Finite Dimensional Representation Stratonovic

Integral

A In Stratonovienotation we have

dy = 6°(u)dt+3

j=12 ,d

] j
b’ (u ) AdW
with equivalent Stratonovic drift

b°(u)=pu- g oo Db (u)D’ (u)

Frechet
Derivative in
H.

42



Infinite Dimensional Variance Swap Curves

Theorem (Positivity and Finite Dimensional Representation)

A A submanifoldG(D) is locally invariant fou iff
1. We haveG(D)Edom(px),

2. Inthe interior ofG(D), we have
b (wi TGMD) j=02 ,d
3. On the boundaruG(D),
b°)l (T,G(D)).,
b (W THG(D) [=12 ,d

holds.

43



Experiments with Infinite Dimensional Variance Curves
Statistical AuteCalibration
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Infinite Dimensional Variance Swap Curves

Infinite-dimensional SDEs
A To avoid issues with nemegativity, we write

u =e’

for the logvariance procesgin H.

A To ensure thatiis a variance curve modegihas to satisfy

y y Ec; i e
dy, =—ydt+3 . 1S (y)dW' - =Si(y,)%dt
%= Az q (Y)W - ZS7(Y,) !



Infinite Dimensional Variance Swap Curves

Infinite-dimensional SDEs
A This gives us the target system

a 28 1 y
pdy, = Sydi+d TSI (y)dW! - =S/ (y,) dty
'I\ “X j=1 | L 2 y
~ 1 d

MidX, = - Ze"Odi+e?" { riw
A j=1
S = S expX,

—\—) =—) =—

wherey(X) = log uy(x) is given via the initially observed market variance
curve.



Infinite Dimensional Variance Swap Curves

Historic SPX Variance Swap Term Structui

Given

~

A We are given a model (*).

A We have historic timeeries of stock prices S
and variance swaps

< 01-Apr-09
< 03-Feb09
< 25-Now08
———————— ~_25Sep08
£ 29-Jut08
£ 28May-08
£ 28Mar-08

£ 25-Jan08
47 23Now07

T
1IWow T £
IM2M 3 6M oM 1y 2y‘ SY‘ ——— 18Sep07
4Y gy

Problem 4

A We are looking for the covariance
structure which fits best the observed

historicalmarket prices

. e .. 1 U
dy, =T ydt+& oIS GOAW! - 28/ ()"l

LIX
. g "



Infinite Dimensional Variance Swap Curves

General Setup
A Assume thaty solves the SDE with a special volatility structure:

d
dY, = nfY,)dt+3 s (Y,)/'dw

=1

A Recall that this formulation really means, when seen as a functian of

4Y,(%) = PY)(X)dt+5 (V)0E /' (YW

]

A1SYyOSs GUKS @2t 0AftAld& &l NHzOG/MdzNS
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Infinite Dimensional Variance Swap Curves

General Setup
A Assume thatlt=T/K and that we are given equidistant samples

YO (x),Y'(X),2 ,Y (X

A For eachK, choose a imensional standard Brownian motion
B=(B!,...,B) potentially by extending the probability space.

A Define

edx™ = mX")dt+

I K '
! 1 X afo o) dB
i + — A sX) sy HY - Y=
I

IX© = v e

motion per
49 sample



Infinite Dimensional Variance Swap Curves

Theorem (Ortega, Pullirsch, Teichmann, Wergieluk 2009)

A The processes

edX() = n(x{")dt+

I 1 X 1ol Ui

| + —asX) sy Hy -y
! Teasxsor -y
|

]

i Xp = Y0

converge in distribution fodt®0 towardsY:

d
Xt(K) - Yt

50

dg’
Jdt



Variance Swap Curves
Sketch of proof

A Basically, a statement of convergence of Gaussians in a Hilbert space

A= nS(Y) HdY, - mY,)dg = an(’de

i=1 o
a < & 34 5. 4 04 g
< > =3 r{JA/’dt-hm asg 8 gﬂt YJ+1I8A5§J;%8 Q’Lﬂt-Ymtg
j=1 ‘1QK+QK K~ C K ~C K K +
Definition of
quadratic variation
W/
s(Y'™ Y/
\/73.[ ( ( )ﬁ
S\ | S K . L . S
(B) = Kdta[s(YJl YAy - YA s vy - v =g [s vy Ayl - YA s vy (vl - i)
i=1
- a HJA/jdt Assumption is that the sample
i=1 o sequence is drawn from Y.
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Infinite Dimensional Variance Swap Curves

Statistical AuteCalibration of Infinite Dimensional Variance Curve Models

A Particular result of the previous statement

3 s 3(r- vRo & paw

j=l o

\/~a

A This implies that a potential approach to simul3tes as follows

S(Yt)g [S(Yj-l)-l(yj ; Yi)]d_aj

dY = nfY)dt +
t /7( t) \/R -l \/a

Y, =Yy




Infinite Dimensional Variance Swap Curves

Statistical AuteCalibration of Infinite Dimensional Variance Curve Models
A Relationship to PCA

A The corresponding PCA approach to this problem is as follows

dA (x) =5 (Y1) (%) r((Yl(x) Y (X)) - my ) xdt)
° S(YH) (X)\/f(Y’(X) Y H(x)) é%’dl /' (X) \/Vll !

A We can now apply PCA and extract the main driving factors, i.e. write

o

(A (%),2 ,dA< (%)) ;

Eigenvectors of dA.

A The point is that this would require sampling of the covariance matrix of the
returns¢ a step which is integrated in the approach discussed here “ﬁ

53



Infinite Dimensional Variance Curves

Implementation
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Infinite Dimensional Variance Swap Curves

Statistical AuteCalibration of Infinite Dimensional Variance Curve Models

A Applied to variance curve models our approach this means first to reduce
the volatility structure of our process t8(y)(x):=s(y)(x) /! (x) with
directional volatilities/ and general shifs.

A This gives
e _ M S 8 i \N/ ] 1( 1)2 !
’I\dyt - _ytdt+ ls(yt)/ dVVt 'Es(yt)/ dtu
0 KX =l y
1dX, = ieyt‘o)dt+e2yt(0)ad. rwW?
N 2 A
| j=1
1S = SexpX,
|
i



Infinite Dimensional Variance Swap Curves

Statistical AuteCalibration of Infinite Dimensional Variance Curve Models

A Using the areforementioned theorem we get the system

56

€ _ dg’ 1 o
|dy (x) = —y (X)dt+a A(X) - =AM
7 t UX t =1 | Jdt 2 y
1 . dB’ 1,0
1 dX = a | C —C? U
i = At 2 y
::: S[ SO eXp Xt Historic log-
i camples
with statistical factors Historic log-
stock prices
e 1 5( ) 2 21
T A(X) = XNV (X)- vy (X
AR = 1<>(y()y<>)
|
A 1 ( 0)- y” 1(0))
IC, = — X?7- X"t
S S N



Experimentswith Infinite Dimensional Variance Swap Curves

Experiment #1Analytic model sample term structures vs. historical model
A Calibrate against an analytic Ornstéihlenbeck model

X =Pl "X - M)

dx =-k'xdt+3 Sidw!

Wi W2 W3 Vol VIR
Spot 1 o0 X1 200.009 300.009
X1 0.7 071414: 0
X2 06 04 069282 X2 50.00% 100.009
X3 02  -03 0.93273¢ X3 5009 10.009
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Experimentswith Infinite Dimensional Variance Swap Curves

Several term
structures

Analytic model sample term structures vs. historical model

Analytic

40% -

20% -

0% T T T 1 T T T 1
0.50 1.00 1.50 2.00 0.50 1.00 1.50 2.00

Time to
maturity X.

58 - 0.50 1.00 1.50 2.00 0.50 1.00 1.50 ﬁ




Experimentswith Infinite Dimensional Variance Swap Curves

Analytic model sample term structures vs. historical model

Simulated returns, 5000 paths, 50 days in the Simulated returns, 5000 paths, 50 days in the
future (AnalyticModel) future (Historic Model@ Analytic Model)
1 1
0.9 0.9
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0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1
0 0
-50% -30% -10% 10% 30% 50% -50% -30% -10% 10% 30% 50%

] 8 e AR VAV N R\ R\

3N BN QM 1Y —2Yﬁ
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Experiments with Infinite Dimensional Variance Swap Curves

Analytic model sample term structures vs. historical model

Simulated returns, 5000 paths, 127 days in the

future (AnalyticModel)
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Experiments with Infinite Dimensional Variance Swap Curves

Analytic model sample term structures vs. historical model

61
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0.12000
0.01880

0.62500
0.30080
0.30880
0.32460
0.36320
0.40260
0.52840
0.65340

0.1700!
0.2200:
0.2220!
0.2272
0.2350
0.2364!
0.2150:
0.1608' 0.6602

0. 1114'-
0.0146

0.6326!
0.2928
0.30221
0.32101
0.3596!
0.3998!
0.53301

0.16460
0.22700
0.22800
0.23260
0.23920
0.24100
0.22340
0.17160

0.01620
0.09980
0.09880
0.09120
0.07320
0.05480

0.00200
0.02300
0.01920
0.01500

0.1608
0.2334
0.2390
0.2420
0.2490
0.2482
0.2244
0.1742

0.0142
0.0996!
0.0922
0.0856!
0.0690
0.0562

0.0274
0.0246
0.0192

0.0014
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Experiments with Infinite Dimensional Variance Swap Curves

Experiment #2: basic behaviour

~

A Experimental setup

A Daily stock prices and variance swap data
A Variance swaps x = 1W, 2W, 1M, 2M, 3M, 4M, 6M, 9M, 1Y, 2Y, 3Y, 5Y, 7Y, 1C




