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ïPart I
Vanilla Dividend Market

ïPart II
General structure of stock price models with dividends

ïPart III
Affine Dividends

ïPart IV 
Modeling Stochastic Dividends

ïPart V
Calibration

Presentation will be under http://www.math.tu-berlin.de/~buehler/



Part I
Vanilla Dividend Market
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Vanilla Dividend Market

Dividend Futures

ïDividend future settles at the sum of dividends paid over a 
period T1 to T2 for all members of an index such as STOXX50E.

ïStandard maturities settle in December, so we have Dec 13, Dec 
14 etc trading.
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Vanilla Dividend Market

Vanilla Options
ïRefers to dividends over a period T1 to T2.

Listed options cover Dec X to Dec Y.
ïPayoff straight forward ς

note that dividends are not accrued.
ïNote in particular that a Dec 13 option does not overlap with a Dec 14 

option ... makes the pricing problem somewhat easier than for 
example pricing options on variance.

Market
ïActive OTC market in EMEA
ïEUREX is pushing to establish a

listed market for STOXX50E
ïAt the moment much less 

volume than in the OTC market
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Vanilla Dividend Market

Quoting

ï¢ƘŜ ŦƛǊǎǘ ǘŀǎƪ ŀǘ ƘŀƴŘ ƛǎ ƴƻǿ ǘƻ ǇǊƻǾƛŘŜ ŀ άvǳƻǘƛƴƎέ ƳŜŎƘŀƴƛǎƳ 
for options on dividends ςthis does not intend to model 
dividends; just to map market $ prices into a more general 
άƛƳǇƭƛŜŘ Ǿƻƭŀǘƛƭƛǘȅέ measure.

ïFor our further discussion let t* be t* := max{T1,t} and

ïThe simplest quoting method is as usual Black & Scholes:             
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from the market.

Adjust strike by 
past dividends.
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Quoting

... term structure looks a bit funny though.

Vanilla Dividend Market

Ugly kink

Graph shows 
ATM prices for 
option son div 
for the period 
T1=1 and T2=2

at various 
valuation times.
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Vanilla Dividend Market

Quoting

ï.ŀǎƛŎ ƛǎǎǳŜ ƛǎ ǘƘŀǘ ŘƛǾƛŘŜƴŘǎ ŀǊŜ ŀƴ άŀǾŜǊŀƎŜέ ǎƻ ǳǎƛƴƎ ǎǘǊŀƛƎƘǘ 
.ƭŀŎƪ ϧ {ŎƘƻƭŜǎ ŘƻŜǎƴΩǘ ƎŜǘ ǘƘŜ ŘŜŎŀȅ ǊƛƎƘǘΦ

ïAlternative is to use an average option pricer ςfor simplicity, 
use the classic approximation

and ŘŜŦƛƴŜ ǘƘŜ ƻǇǘƛƻƴ ǇǊƛŎŜ ǳǎƛƴƎ .{Ω ŦƻǊƳǳƭŀ ŀǎ
             

]E[
11 2

0 6

1

3

0

3

1

00

xW
x

x

i

i
Y

xdsW
xx

dsWx

i

i x

x

s

s eeee
xx

ssss
s

-

=

+
+

+

=
ÖD=@

ñ
==D äñä

22
2

Basically the average pricing 
translates to a new scaling in time.
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Vanilla Dividend Market

Quoting

... gives much better theta:

Average option 
method yields 
decent theta,
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Vanilla Dividend Market

Quoting

... market implied vols by strike:
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Vanilla Dividend Market

Quoting

ïUsing plain BS gives rise to questionably theta, in particular 
around T1Ą using an average approximation leads to much 
better results.

ïAfter that, market quotes can be interpolated with any implied 
Ǿƻƭŀǘƛƭƛǘȅ άƳƻŘŜƭέΦ

At that level no link to the actual stock price 
Ą let us focus on that now.

Dec 12 Dec 13 Dec 14

a0 25% 25% 31%

r -0.85 -0.84 -9.59

n 102% 47% 28%
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Using SABR to 
interpolate 

implied 
volatilities



Part II
The Structure of Dividend Paying Stocks
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The Structure of Dividend Paying Stocks

Assumptions on Dividends

ïWe assume that the ex-div dates 0<t1<t2 <... are known and 
that we can trade each dividend in the market.

ïWe further assume that dividends are Ftk--measurable non-
negative random variables.

ÅWe also assume that our dividends Dk are already adjusted 
of tax and any discounting to settlement date, i.e. we can 
look at the dividend amount at the ex-div date.

Other Assumptions

ïWe have an instantaneous stochastic interest rates r.

ïThe equity earns a continuous repo-rate m.

ïWe assume St > 0 (it is straight forward to incorporate simple 
ŎǊŜŘƛǘ Ǌƛǎƪ ώмΣнϐ ōǳǘ ǿŜΩƭƭ ǎƪƛǇ ǘƘŀǘ ƘŜǊŜ ύ
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The Structure of Dividend Paying Stocks

Stock Price Dynamics

ïIn the absence of friction cost, the stock price under risk-
neutral dynamics has to fall by the dividend amount in the 
sense that

For example, we may consider an additional uncertainty risk in 
the stock price at the open:

ïFor the case where Shas almost surely no jumps at tk we 
obtain the more common
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The Structure of Dividend Paying Stocks

Stock Price Dynamics

ïIn between dividend dates, the risk-neutral drift under any risk-
neutral measure is given by rates and repo, i.e. we can write the 
stock price between dividend dates for t:tk<t ¢tk+1 as

where Z(k) is a non-negative (local)
martingale with unit expectation
which startsintk .

t

Tt

T

dsr

t

k

ttt
R

R
ReRZRSS

t

ss
k

k
=

ñ
==

-

::       0)(
mt

t

Rcan be understood as the 
άŦǳƴŘƛƴƎ ŦŀŎǘƻǊέ ƻŦ ǘƘŜ Ŝǉǳƛǘȅ
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The Structure of Dividend Paying Stocks

Stock Price Dynamics - Warning

ïThis gives

Ą the martingale Z can not have arbitrary dynamics but needs to be 
floored to ensure that the stock price never falls below any future 
dividend amount.
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The Structure of Dividend Paying Stocks

Towards Stock Price Dynamics with Discrete Dividends

ïIn other words, any generic specification of the form

does not work either - a common fix in numerical approaches 
is to set 

ïIntuitively, the restriction is that the stock price at any time 
needs to be above the discounted value of all future dividends:

Åotherwise, go long stock and forward-sell all dividends
Ą lock-in risk-free return.
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The Structure of Dividend Paying Stocks

Theorem (extension of Buehler 2007 [2])

ïThe stock price process remains positive if and only if it has the form

ïwhere the positive local martingale Z is called the pure martingaleof 
the stock price process.

ïThe extension over [2] is that this actually also holds in the presence of 
stochastic interest rates and for anydividend structure, not just affine 
dividends as in [2].
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The Structure of Dividend Paying Stocks

Consequences

ï In the case of deterministic rates and borrow, we get [1], [2]:

with forward

This structure is not an assumption ςit is a consequenceof the 
assumption of positivity S>0 !
All processes with discrete dividends look like this.
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The stochasicity of the equity 
comes from the excess value 
of S over its future dividends.
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The Structure of Dividend Paying Stocks

Structure of Dividends

ïA consequence of the aforementioned is that we can write all 
dividend models as follows:

ÅWe decompose

ǎƻ ǘƘŀǘ ǿŜ Ŏŀƴ ǎǇƭƛǘ ŜŦŦŜŎǘƛǾŜƭȅ ǘƘŜ ǎǘƻŎƪ ǇǊƛŎŜ ƛƴǘƻ ŀ άŦƛȄŜŘ 
ŎŀǎƘ ŘƛǾƛŘŜƴŘέ ǇŀǊǘ ŀƴŘ ƻƴŜ ǿƘŜǊŜ ǘƘŜ ŘƛǾƛŘŜƴŘǎ ŀǊŜ 
stochastic:

kkkkk

kkk

minmin

min

:
~
 , min:

 
~
 :

D-D=DD=D

D+D=D

ää
>>

+
ö
ö

÷

õ

æ
æ

ç

å
+=

tk

k

tt

tk

k

tttt

kk

DRDZSRS
tt :

min,

:

0

~~
:

Deterministic 
dividendsRandom dividends, 

floored at zero



Q
 U

 A
 N

 T
 I
 T

 A
 T

 I
 V

 E
  
R

 E
 S

 E
 A

 R
 C

 H

21

The Structure of Dividend Paying Stocks

Exponential Representation Theorem 

ïEvery positive stock price process S>0which pays dividends Dk

can be written in exponential form as

where A is given as before and where X is given in terms of a 
unit martingale Z as

with stochastic proportional dividends 
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Part III
Affine Dividends
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Affine Dividends

Affine Dividends

ïBlack Scholes Merton: inherently supports proportional 
dividends.

ïtƭŜƴǘȅ ƻŦ ƭƛǘŜǊŀǘǳǊŜ ƻƴ ƎŜƴŜǊŀƭ άŀŦŦƛƴŜέ ŘƛǾƛŘŜƴŘǎΣ ƛΦŜΦ

All known approaches either:

Åapproximate by approach (i.e., the dividends are not affine).

Åapproximate by numerical methods

Χ ōǳǘ ǘƘŜȅ Ŧƛǘ ǿŜƭƭ ƛƴ ƻǳǘ ŦǊŀƳŜǿƻǊƪΦ
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Affine Dividends

Structure of the Stock Price

ïDirect application in our framework can be done but it is easier 
to simply write the proportional dividend effectively as part of 
the repo-rate m(this is what happens in Merton 1973 [5]) i.e. 
write

ïAll previous results go through [1,2], i.e. we get

ǿƛǘƘ ƻǳǊ ƴŜǿ άŦǳƴŘƛƴƎ ŦŀŎǘƻǊέ R.
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Again ςthis 
structure is the 

onlycorrect 
representation 
of a stock price 

which pays 
affine 

dividends.


